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Abstract: We introduce a long wave scaling for the Vlasov-Poisson equation
and derive, in the cold ions limit, the Korteweg-De Vries equation (in 1D) and
the Zakharov-Kuznetsov equation (in higher dimensions, in the presence of an
external magnetic field). The proofs are based on the relative entropy method.

1. The long wave scaling of the Vlasov-Poisson equation

1.1. The Vlasov-Poisson system for ions with small mass electrons. We consider
the Vlasov-Poisson system which describes the evolution of ions in a plasma. We
assume that due to their small mass, electrons in the plasma instantaneously
reach their thermodynamic equilibrium, so that their density n. follows the
Maxwell-Boltzmann law:

ne = e/ Te, (1.1)

denoting by ¢ the electric potential and T, > 0 the scaled temperature of elec-
trons, taken equal to 1 in the following. We then obtain the Vlasov-Poisson
system for ions (where t > 0,z € T? or R4, v € R%, d = 1,2, 3):

Ohf+v-Vof+(E+vAb)-V,f=0,

E= _vz¢7

— A, ¢ _ dv, (1'2)
o+e /Rdf v

Jit=0 = Jo-

We refer to [26] for a more complete discussion on this system. In these equations,
f(t,z,v) stands for the distribution function of the ions, which allows to describe
their statistical distribution: this means that f(¢, z,v) dx dv expresses the density
of ions, at time ¢, whose position is close to z and whose velocity is close to v.
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Furthermore, with usual notations, E is the electric field (generated by electrons
and ions themselves), while b is a constant external magnetic field. We assume
that b = e;, and consider (e, ez, e3) an orthonormal basis of R? .

It is interesting to notice that for a very particular class of (singular) data,
namely Dirac functions in velocity, which we shall call monokinetic data,

f(ta z, ’U) = p(tv x)év:u(t,m)a (13)

where ¢ denotes the Dirac delta function, we get that f is a solution in the
sense of distributions to (1.2) (with some relevant electric field) if and only if
(p,u) satisfies the following hydrodynamic system, which corresponds to the
pressureless Euler-Poisson system:

p + Vo - (pu) =0,
ou+u-Voyu=FE+uANb, u=(u1,us,us),
E=-V.¢,

~Ayp+e? =p.

(1.4)

From the physical point of view, this corresponds to the cold ions assumption,
that corresponds to the situation where ions have zero (kinetic) temperature:
any function of the form (1.3) indeed satisfies

/f(t,x, v)|v — u(t,z)|* dv = 0. (1.5)

We also mention that a standard model in plasma physics is obtained after
linearizing the Maxwell-Boltzmann law, which yields from (1.2) the following
system:

8tf+v'vxf+E'vvf:07

E= *Vx¢7

—quH—(b:/ fdv—1, (16)
Rd

f\t:O = fO-

This linearization produces some considerable simplifications in the analysis.

1.2. The long wave scaling. In some recent independent works, Lannes, Linares
and Saut [29] in the first hand, and Guo and Pu [22,38] in the other hand, have
rigorously studied the long wave limit of the pressureless Euler-Poisson system.
Precisely, one looks for solutions to (1.4) under the form:

p=1+ 5p1(51/2(x1 - t),61/2x2751/2x3,53/2t) +e2py + ...,

¢ =ep1 (" (x1 —t),eY %y, 25,3 %) + 2y + ...,

up = Eugl)(sl/Q(xl — 1), e %aq, 6" %25, 63/%t) + engz) + (1.7)
Uy = 53/2u51)(51/2(a:1 — 1), e %aq, " %25, 63/2t) + 52ué2) + ..,

Uz = 53/2u§1)(51/2(x1 — 1), e %aq, " %25, 63/2t) + 52u§,2) + .




From Vlasov-Poisson to KdV and ZK 3

This leads to the study of the behaviour, as the parameter € goes to 0, of the
solutions to the rescaled system:

€0ip — Oz, p+ Vo - (1 +ep)u) = 0,

edu — Op,u+ceu-Vyu=E+ e 124N b, wu=(uy,us,us),
E=-V;9,

— 2N+ € =1+ ep.

(1.8)

In the limit, one expects to obtain some (non-linear) dispersive equations, as
explained in the papers by Zakharov-Kuznetsov [45] and Laedke-Spatschek [28].
Indeed, in 1D, both [29] and [22] establish the convergence to the Korteweg-de
Vries (KdV) equation, which we recall below:

Oy + $105¢1 + 02,61 = . (1.9)

In 2D and 3D, which corresponds to the setting of (1.8), [29] and [38] give the
derivation of a higher dimensional generalization of the KdV equation, which is
referred to as the Zakharov-Kuznetsov (in short ZK) equation:

Ord1 + 910,01 + 0, Ay = 0. (1.10)

With another kind of anisotropic (in space) scaling, Pu has also derived in
2D the Kadomstev-Petviashvili IT (in short KP-II) equation [38]:

aIl (8t¢1 + ¢1811¢1 + ailmlmlqsl) + aiga:z(bl =0. (111)

Over the past years, there have been many mathematical studies of long wave
limits towards KdV (and higher dimensional generalizations). Let us cite some
works (this list is not meant to be exhaustive) concerning the following PDEs:

— Nonlinear Schriodinger (including Gross-Pitaevskii) equations: Chiron and
Rousset [14], and Béthuel, Gravejat, Saut and Smets [6,7] (with different
methods),

— General Hyperbolic systems: Ben-Youssef and Colin [4], Ben-Youssef and
Lannes [5],

— Water Waves: Craig [16], Schneider and Wayne [43], Bona, Colin and Lannes
[8], Alvarez-Samaniego and Lannes [2] , Duchene [17,18],

and many others.

The fact that there exist very singular solutions to the Vlasov-Poisson system
(1.2) which precisely yield the pressureless Euler-Poisson system (1.4) suggests
that is should also be possible to study (1.2) in a long wave regime. Following
this idea, we would like to look for solutions of the form:

{ fe(t,z,v) = Edf5(83/2t,81/2($1 — t),€1/2w2,51/2x3,5_1v), (1.12)

be(x,0) = (328,12 (21 — 1),/ %2q, '/ %25).

The normalization is chosen in order that the scaling of the two first moments

Pe 1= f fedv and u. := fffjfvdiv matches with the Ansatz in (1.7).

At some point, we will also have to somehow impose that the function fe is
“close” to a Dirac function, in order to reach the Euler-Poisson dynamics.
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Therefore, we propose a long wave scaling for the Vlasov-Poisson equation
(in dimension d = 3), which we introduce now:

(1.13)

With a slight abuse of notation (we forget the tildes), we obtain the rescaled
equations:
53/28tf+€3/21)-vxf+5_1 (53/2E+€v/\b> -V,f =0,
E= *vx(bv
(1.14)
— A0+ e = [ fd,
R3

f|t:0 = f0~

Finally, there only remains to perform the shift with respect to the first spatial
variable:

(1.15)

=

(t7jl7w2>x3) = E(t,fl,$27$3).

With another abuse of notation, we end up with the rescaled Vlasov-Poisson
system:

gatfa_aw1f€+5v'va;fa+ Ee+v/\b 'V'Ufa‘:oa
e

Es = *vngsa

(1.16)
_52A3:¢5 +€€¢E = fedv,
R3

fs,\t:O = fE,O-

To the best of our knowledge, although this scaling seems very natural, it has
never been introduced yet, even in the physics literature. Our goal in this work
is to study the behaviour, as e — 0, of solutions to (1.16), that also get close
(in some sense that we shall precise later) at initial time to monokinetic data.
According to the previous discussion, it is natural to expect to obtain the ZK
equation in the limit.

The relations between the different systems are summarized in the following
diagram:



From Vlasov-Poisson to KdV and ZK 5

Cold ions limit

Vlasov-Poisson Pressureless Euler-Poisson

Combined
cold ions and long wave limit

Long wave limit

KdV or ZK

Let us briefly comment on this picture. As already explained, the link between
Vlasov-Poisson and Pressureless Euler-Poisson is given by monokinetic type of
data. Unfortunately, these data are way too singular to fit in the known Cauchy
theories (although some results for measure data are actually available in 1D,
we refer to the work of Zheng and Majda [46]). As a matter of fact, we are not
even aware of any result proving rigorously the convergence to the pressureless
Euler-Poisson system for data that would converge in some sense to monokinetic
data; the stability estimates that would be needed are indeed missing.

As already said, the long wave limit from the Pressureless Euler-Poisson sys-
tem has been performed in [29,22,38]. One important step is to build a solution
in an interval of time which is independent of €. In order to study the long wave
limit of the Vlasov-Poisson equation, instead of trying to derive the Pressureless
Euler-Poisson system, the idea is to perform simultaneously the cold ions and
long wave limits. We shall start from global weak solutions to the Vlasov-Poisson
equation, and therefore we will not have to face the difficulty of finding uniform
lifespans.

To prove such a result, we shall rely on a classical energy method, namely
the relative entropy method. The idea originates in the work of Yau [44] on the
hydrodynamic limit of some Ginzburg-Landau equation. It was independently
brought in kinetic theory by Golse in [10] (in the context of the incompressible
Euler limit of the Boltzmann equation) and by Brenier in [13] (in the context of
the quasineutral limit of the Vlasov-Poisson equation).

The basic principle of the relative entropy strategy consists in modulating
some well-chosen functional that has to be conserved or dissipated by the physi-
cal system (for instance, the good choice is the entropy for the Boltzmann equa-
tion). The modulation is obtained in terms of the solution to the target equation.
One has to ensure that this new functional allows to “measure” in a certain sense
the distance between the solution to the original system and that to the target
equation. Then one has to prove that the functional that has been constructed
is a Lyapunov function for the system: this follows from exact computations and
algebraic identities. The computations can be more or less lengthy and tedious.
It can be also very technical to justify these.

The estimates which can be obtained have to be understood as stability es-
timates: for instance, the results proved in this work can be interpreted as the
stability of monokinetic data, in the long wave regime, with a dynamics dictated
by some the KdV or ZK equations. This also strongly suggests that for our long
wave limit, there are stability phenomena (a la Penrose) at stake, exactly like for
the case of the quasineutral limit (the effects of instabilities for the latter limit
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are briefly discussed for instance in [21]); more precisely, two stream instabilities
are bound to destabilize the system and make the long wave limit fail (but these
are avoided when one considers monokinetic data). On the topic of instabilities
for the Vlasov-Poisson system, we refer to [24,23,25,30,31,37,32,33].

For the Vlasov equation, this method is remarkably well adapted to handle
the cold ions limit, in other words the “convergence” to monokinetic data, as it
will be clear later. This was observed for the study of the quasineutral limit of
the Vlasov-Poisson system for electrons with fixed ions, as done by Brenier [13]
(this was completed later by Masmoudi [36], see also [20]). More recently, in [26],
we have studied the quasineutral limit of the Vlasov-Poisson equation for ions
with small mass electrons (which corresponds to (1.2)). In that work, we have
observed that this equation displays a Llog L structure that is reminiscent of
that of the Boltzmann equation (we refer to the works of Saint-Raymond [40,
42], [41] for the incompressible Euler limit, see also the recent paper of Allemand
[1]); this will also play a crucial role in this work.

It is worth noticing that the method provided in this paper can also be applied
to study the KAV limit of the Euler-Poisson system, for data with only low
uniform regularity. Indeed we can start from the global weak solutions built by
Cordier and Peng [15] and use similar computations as in the present paper.

To conclude this introduction, let us mention that Haragus, Nicholls and
Sattinger in [27] relied on the KAV approximation of the Euler-Poisson system
to study (formally and numerically) the interaction of solitary waves. It would be
very interesting to start an analogous program for the Vlasov-Poisson equation.

1.3. Organization of the paper. The paper is organized as follows: in Section
2, we provide the derivation of the KdV equation (see Theorem 3), starting
from the 1D Vlasov-Poisson equation with a linearized Maxwell-Boltzmann law.
The exposure of this relatively simple case will allow us to lay down the basic
principles of the relative entropy method applied to the long wave limit. In
addition to this pedagogical interest, the existence of global solutions to the
KdV equation allows to give stability estimates which are valid for all times. In
Section 3, we present the main result of this paper, which is the derivation of
the ZK equation, in Theorem 6, starting from the 3D Vlasov-Poisson equation
with the full Maxwell-Boltzmann law. The proof will be much more technical,
in particular due to the fact that only a Llog L type of control is available
for the electric potential (instead of a L? bound which can be obtained with
a linearized Maxwell-Boltzmann law). We will need an unusually large number
of correctors in the relative entropy. Finally, we give in two appendices some
variants of our results (which can still be obtained with the relative entropy
method): in particular we present another scaling for the 2D Vlasov-Poisson
system which yields the KP-II equation in the long wave limit.
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2. From the Vlasov-Poisson equation to the Korteweg-de Vries
equation

In this section, we shall study the long wave limit of the 1D Vlasov-Poisson
system with a linearized Maxwell-Boltzmann law, that is (here (z,v) € T x R):

Z':atfa - axfa + Evazfe + Esavfe = 07
E. = *5%@557

_ 2P 4. + e = / fodv—1,
R
fa,|t:0 = fa,O-

(2.1)

2.1. Preliminaries. This system possesses an energy, which is conserved, at least
formally:

E(t) := %/f5|v|2dvdx+%€/|8w¢e|2 dx + %/|¢8|2dx. (2.2)

Using this energy, as well as the conservation of L , norms that can be ob-

tained using the hamiltonian structure of the Vlasov equation, one can prove,
following the work of Arsenev [3], the following theorem, which states the exis-
tence of global weak solutions to (2.1):

Theorem 1. Let ¢ > 0. Let f.o € L' N L>(T x R) be a non-negative function
such that the initial energy is bounded:

1 1 1
£.(0) := E/fao\v\dedqu§s/|8‘r¢syo|2dz+§/|¢570|2dx < +oo, (2.3)

where the initial electric potential ¢. o is given by the elliptic equation:

752851@%,0 + 5¢5,0 = / fg,o dv — 1.
R

We also assume that:

/f570 dvdx = 1.

Then there exists a non-negative global weak solution f. € L (L' N L>(T x R))
to (2.1), such that the energy is non-increasing:

vt >t E(t) < E(), (2.4)
and such that the following local conservation laws for (p. := [ fedv,J. =
[ fvdv) are satisfied:

1
O¢pe — gﬁxps + 0, J: =0, (2.5)

B J. — é@xjs + 8, </|v|2f€ dv) = —%ax(@ +1)% + %axmxvsﬁ. (2.6)
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For the KdV equation, that we recall below,
01 + $10:01 + 0 ypdr = 0, (2.7)

we have in hand a famous global existence result which was proved in the seminal
paper of Bourgain [11]:

Theorem 2. The KdV equation is globally well-posed in H*(T) for s > 0.

We will use this result only for large values of s.

2.2. Formal derivation. It is quite enlightening to perform a formal analysis in
this simple one-dimensional case, to understand how the KdV equation arises.
Formally, one directly considers monokinetic data:

fe(t,z,v) = Ps(tvx)‘sv:ug(t,x)' (2.8)
Then, as already explained, we obtain the following pressureless Euler-Poisson
equation in a long wave scaling:

1
Oipe — gascpe + a:c(peus) =0,

1 1
Oyt — garus +uOpue = gEsa (29)
E=- xd)sv
- EQagw(bE + E¢E = Pe — la
We look for an approximate solution satisfying the Ansatz:
pe =1+¢ep + (’)(52),
be = ¢1 + e + O(e?), (2.10)
ue = up + cug + O(e?).

Plugging this Ansatz in the equations, and matching the different powers of ¢,
we obtain a cascade of equations.

— Conservation of charge equation:
O1): —0yp1+ Oyus =0. (2.11)
O(e): O¢p1 — Oppa + Ox(prur) + Opus = 0. (2.12)
— Momentum equation:

O™ —0uuy + 0,61 =0, (2.13)
O(].) : Oy — Ogug + u10zu1 + am(ﬁg =0. (214)

— Poisson equation

O(e): ¢1=p1, (2.15)
O(?):  —02,61+ ¢2 = pa. (2.16)
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We clearly get from (2.11) and (2.13):
$1=p1=w (2.17)
and in the other hand from (2.14) and (2.16):

05 (2 — ug) = Op(d2 — p2) + Oz (p2 — u2)

=9?

(2.18)
xmx¢1 + Orur + 2w 0uy.

Hence, from (2.12) and (2.18), we conclude that ¢, satisfies the KdV equation:
201¢1 + 310,01 + 02 pp 1 = 0. (2.19)

2.3. Rigorous derivation. We now state the theorem which rigorously proves the
convergence to KdV.

Theorem 3. Let (f-0)ec(0,1) be a family of non-negative initial data satisfying
the assumptions of Theorem 1 and such that there exists C' > 0 with:

£.(0) < C, Ve € (0,1). (2.20)

We denote by (fe)cc(0,1) a family of non-negative global weak solutions to (2.1)
given by Theorem 1. Let H. be the relative entropy defined by the functional:

1 1
Hg(t) = 5 /f5|’U — Uy — EUQ|2 dv dx + 55/ |8x¢5 — 8$¢1 — 58$¢2|2 dz

+ % /(¢e — g1 — e¢h)” du,

(2.21)
where (u1, ¢1,ug, ¢2) € [C([0,+oo, H*+2(T))|* (with s > 3/2) satisfy the fol-
lowing system:

20461 + 310,61 + 0 yp 1 = 0,
ur =, (2.22)
0z (ug — ¢2) = Opd1 + $10:¢1.

Then there exist C1,Cy > 0, such that for all € € (0,1),
t
V>0, Ho(t) < Ha(0) + / (C1H.(s) + Cav/E) ds. (2.23)
0

Assuming in addition that there exists Cs such that for any € € (0,1):
H.(0) < Cyv5, (2.24)

then we obtain for any € € (0,1):
eCrt — 1
VE >0, He(t) < C3e\e+ CQT\@ (2.25)
1
In order to get functions satisfying (2.22), we can proceed as follows:

— The existence of ¢; is ensured by Theorem 2.
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— We accordingly set ¢1 = u;.
— The functions ¢9 and uy can be seen as correctors. The last equation of (2.22)
allows to define them. Only the value of the function uy — ¢9 is important.

Remark 1. The estimate (2.25) clearly implies that

1 Cit _ 1
§/f5|v—u1 — eup|? dvdx < Cseclt\/g—l—CgeTﬁ, (2.26)
1
and
1 2 Ont et —1
3 [ (e — b1 —e¢2)" dv < Cse Ve + CQT\/E. (2.27)

From (2.26), denoting by f a weak limit of f., we deduce that necessarily

/f|v—u1|2 dvdz =0, (2.28)

which means that the limit temperature is zero (cold ions limit).

Remark 2. The estimate (2.25) is valid for all times, but it is useful for times of
order o] loge|) (in other words, logarithmically growing times). This is slightly
better than the times of validity obtained in the long wave limit of Euler-Poisson
in [29], which are (translated in our framework) of order O(1).

From this theorem, we can deduce the following corollary:

Corollary 1. Making the same assumptions as in the previous theorem, we ob-
tain the weak convergences:

Pe —eso 1 in LMY weak-*,
Jo =0 @1 in LMY weak-*, (2.29)

be —cs0 1 in LMY weak-*.

Proof (Proof of Corollary 1).
By conservation of the L' norm, we deduce that

pellzr < C.

Using this bound and the one coming from the energy inequality:

/f5|v|2 dvdx < C,

and by non-negativity of f., it is standard to deduce a L' control on J.:
[[pellLr < C.
Therefore, there exist two non-negative measures p, J such that up to some

extraction, we have:
Pe — P,
2.30
{52 (230

in the vague sense of measures. We have to show that p =1 and J = ¢;.
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We pass to the limit € — 0 (in the sense of distributions) in the Poisson
equation:
76283:2(7258 +epe = pe — 1,

using the uniform L? bound on /9, ¢. and ¢. (coming from the energy inequal-
ity), we deduce that we necessarily have p = 1, which proves the first claim.
In the other hand, using the Cauchy-Schwarz inequality, we have

|Js*Ps(U1+€u2)|2 _ (ffg(v—ul —gu2)dv)2 )
De o [ fedv < /fe‘” —uy — eusl” dv,
(2.31)

2
The functional (p, J) — [ % dz is convex and lower semi-continuous
with respect to the weak convergence of measures (see [13]). As a consequence,
the weak convergences in the vague sense of measures p. — 1 and J. — J lead
to:

-~ 2
/|J —wPde < hmi(r)lf/ "]fp"f“'dx. (2.32)
E—r B

By (2.25), we deduce that J = uy(= ¢1).
To conclude, the uniqueness of the limit allows us to say that the weak con-
vergences actually hold without any extraction.

Remark 3. We can actually state strong convergence results. Indeed, in view of
the preceeding proof, it is clear that (2.26) implies the “strong” convergence:
2
JE — pg(ul + EUQ)

=7

In the other hand, the control (2.27) means that ¢. converges strongly in L?
to ¢1, as € goes to 0.

Cit

-1
< Cgeclt\/g+ CQST\/E (233)
1

L2

2.4. Proof of Theorem 3. Relying on the fact the energy is non-increasing (and
that H. is built as a modulation of the energy), we have for all ¢ > 0 and all
e € (0,1):

He(t) = E(t) + (He(t) — E(1)) < £2(0) 4 (He(t) — E(1)),
which yields:

t
Hg(t) S ng(O) +/ /@ |:f€ <;|U1 + EU2|2 — v(ul + €U2)>:| dv dx
0
+ 8/6t |:;|az¢1 + 58w¢2|2 - 81¢E(8:E¢1 + 581¢2):| d'/E
+ /5t B|¢1 +edal® — pe(dr + 5@)] dx ds

t
= HE(O) +/ (.[1 + Is + 13) ds.
0
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We are now going to study I, Is and I3. The computations can be justified
using only the local conservation laws (2.5) and (2.6).

Study of I.
Using the fact that f. satisfies the Vlasov-Poisson equation, we obtain the
identity:

1
/&st (2|u1 + eus|? — v(wg +£u2)> dv dx

1
= /fe(ul + eug — ) { - g&,;ul + v0zu; — Opug + 51)5}1@} dv dx

1
—/ngEsul dx—/pEEEuz dx.

In order to obtain an hydrodynamic equation inside [...], we write:

/fs(ul + eug —v)(vOuy) = /fg(ul + eus — v)(u10,u1)
— /f8|u1 + euy — v|*Opuy + /Efg(ul + cug — v)u20,uy.

After deriving with respect to time the term %|u; + eus|? — v(ug + cus), we
get the following contribution in I;:

/fg(ul + eug — ) {&ul + EatUQ:I dv dx.
We now focus on the terms of order O(1/¢), for which we can write
1
- /fs(ul + Eug — 'U)gagﬂu dv dx
1
= /f&(ul + eug — U)g(—am’ul + 81(251) dvdx

1 1
_/gpsulaz¢1 dx_/peu28w¢1 dm+/gjeaw¢1 dx,

and
1 1
—/ngEEul dx—/gp5u18I¢1 dx—/pgulam@ dx

|
T /peul(ax¢1 +e0sh2 — 0:9) du.

In the other hand, we observe that we can write:
/fg(ul + eug — ) [8tu1 + u10,u1 — 3xu2} dv dx
= /fs(ul +euz —v) [&ul +u10,u1 — Oyug + ﬁxaﬁg] dv dx

+/J56I¢>2 dx — /paulangg dr — E/psuQamgbg dx.
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Using the L! uniform bounds for p, and J., as well as the various Lipschitz
bounds on (u1,us), it is clear that

5/p5u28x¢>2 dx| + 6/f5(u1 + eug — v)Opus dvdz| < Ce.

In the end, we have:
1
L= / fo(ur + eug —v) [ — Oruy + 6;@1} dvdx

+ /fs(ul + cug — ’U) [&ul + vIpu1 — Ogug + 890@] dvdz

+ / J. (iamﬁamz) da

4 (2.34)
—Z /paul(az¢1 + €02 — 0, 0) dx
1
-2 / petny (1 + £62) di — / peEetiy d
- /f5|u1 + eug — v|28mu1 + O(e),

where O(e) is a notation for all the terms which can be bounded by Ce, with
C > 0 independent of €.

Study of I,.
We have:

12 = E/at(am¢l + Eazd)Q)(*azﬁbs + azd)l + 65}@52) dx
~< [ 00.0.(0.61 + 20,02) do.
We get the easy bound (using |ab| < 1(a® 4 b%)):

e

/(8x¢1 + 581¢2)(_8I¢6 + aqul + Eam(bQ) dx

S C |:€/(8t(am¢1 + €8m¢2))2 dx + 5/(_az¢s + am¢1 + 58x¢2)2 dx
< O(e) + CH(t).

Study of I5.
We get:

I3 = /5't(¢1 +e¢2)(—¢e + ¢1 + o) dw
—/@@@Hf@mm:@+@
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Let us start with I3, that we can rewrite as:

B = [ - 0000 + = [00a(-0: + 01 + co0)do + < [O6r0nde
If we differentiate with respect to time the Poisson equation, we obtain:
9 1
—3t<b5 = —583613,5(;55 — gatpe.

Then, using the local conservation of charge (in shifted variables) that we recall
below,

1 1 1
—*31505 = _7281‘/)8 + 782J57
9 9 9

we obtain that:

1
=== [ upe(dr +262) du

+%/8IJE¢1 d$+/6zjs¢2 dx
—6/6t812-1-¢5(¢1+5¢2)'

Of course, by integration by parts, we can rewrite the last three terms as
follows:

1
g/@¢mm+/m4@m+g/w&@wﬁw@)

=—é/k%@m—/k%%ﬁﬁf/&&%QMHw&@%

which get simplified using some terms coming from the computations of I; and
L.

Study of the remaining significant terms.
We now have to study the following terms (coming from the computation of
I + I + I3):

Kl = —/pEUan((bl +5¢2) dma K2 = _/p5E6u2 d.’ﬂ,
1

K3 = —E /peul(ax¢1 + €002 — aIQSE) dz,
1

Ky = —?/8zp€(¢1 + E¢2) dr,

Ky = /(¢1 — ¢ )O0r 1 d.
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We start with K7 and K. Using the Poisson equation, we have:

K, = —/uzax(¢1 +e¢2) du — E/¢Eu281(¢1 + o) dx
+ &2 /a£w¢5u28w(¢1 + e¢o) dx

= /8wu2¢1 dx —€/¢eu23m¢1 dx+€2/a§m¢8u28$(¢l +e¢g) dx
+ O(e).

We have (after integration by parts),

g2 < Ce.

/8§w¢au2ax(¢l + E¢2) dx

Similarly, we compute
Ky = /’Uanqbg dx + E/qﬁsug@xgbg dx — 52/33%3:@@895(;55 dx

2 2
= —/&;ug@ dm—a/%@mm da;—l—eQ/%awug dx.

As a result, one gets
K1 + K2 = /(¢1 — qﬁs)aqu dx + 0(5)

Concerning K3, we have (once again using the Poisson equation):

1
K; = —g/’lu(amd)l + 0,02 — axd’S) dx

— /¢>Eu1(8x¢>1 + €y — Dyde) dx

+ /gaiz(biul(az(bl + 0,02 — 02¢.) dx
= K3 + K3 + K3.

For K1, we have:
L1 1
K3 = —g ulﬁxgi)l dr — ulaxghg dx + g u18x¢5 dx.
Concerning K2, we write:

Kg = —/qbgulaxul dsr:—|—/¢58x¢€ Uy dm—i—s/qﬁgul@qug dx

and

—/¢eu1aa;u1 dx = /(C/)l — ¢ )u10zur do — /¢1U15mul dx.
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The contribution coming from [ ¢.0,¢. u1 dz could be harmful (a priori it is
of order O(1/¢)), but we can rely on the following identities in order to make
the relative entropy appear:

/¢58m¢€ up dr = —%/Qﬁ?@mul dx
= _% /(¢5 - Qsl - €¢2)26ﬂ?u1 dx — /¢6¢lazu1 dx + 5/¢g¢281ul dx

+ % /(¢1 + €¢2)28wul dx

= —% /(¢s — ¢1 — £¢2)*Opuy dz + /(¢1 — ¢e) P10z ur dz + €/¢6¢28$u1 dx

— %/dﬁ@zul dx + 5/ <¢>1¢28zu1 + ;z-:gb%axul) dz.

We note that €f¢5¢28$u1 dx is of order &, using the L? uniform bound on ¢,
granted by the energy.

Finally, for K3, we have

K3 = —/tﬁxqﬁeul@mdxg dx + a/@ﬁmqﬁgm(ath + &0, o) du.
As before, the most significant term can be rewritten as follows:

2
_/8§x¢8ulax¢e dl‘:&/%@xm dx

1
5 [ £(0u0: — 0u61 — 0.2 0uur 4 2 [ 0,620,060 + 20 62)001 da

1
— 5 /E(ax(,bl + s@z¢2)28ﬂ3u1 dx.
We have the bound:

3

< Cy/e.

/8x¢s(ax¢1 + 68x¢2)axu1 dz

We treat K, exactly as Ks.

1
Ki= / pe (Do + £0urs) dur

= lg /(8x¢1 + €agg¢2) dx + §/¢5(8w¢1 + 589@2) dx

13
_ / 026 (Duy + £, 60) da
=K, +Ki + Kj.

Clearly, we have K} = 0 and

1
Ki=- / 6.0,61 d + / 6.0, dz,
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and since [ ¢102,,¢1 dz = 0, we have:

K3 = / (61 = 0e)Dpaqpr do — ¢ / Oz 9e0utr2 du.

By integration by parts, it is clear that the second term of K3 is of order /z.

Conclusion.
Gathering all pieces together, we obtain that:

He(t) < He(t) + /Ot [/fs(u1 + ey — v)é(—@mul + 0pb1) dv d:

+ / foluy + cuy — v) [ﬁtul U1 0ptty — Dpti + Do | dv da

+ é /(Ul — ¢1)0:¢e dz

+ / (61 — 62) (D1 + $105u1 + urBpur + 02,y 1 + Dyus — Do) dav
- /(m — $1)0u2 — /mulawul da — %/qﬁ@wul

- /f5|v —uy — eug|*0puy dv dx — %5/ |0p0e — Opp1 — €04 2|*Opuy dx

1

-3 /(¢s — ¢1 — e¢2)?0puy dx

+ (9(\@)] ds.
We impose the following cancellations (to kill all singular terms):

u; — ¢ =0,
Oruy + u10zur — Oyuz + Oy¢2 = 0, (2.35)
Ord1 + P10,u1 + u10,u1 + aizmqbl + Opug — Opp2 = 0.

These are consequences of the identity (2.22). Using the Lipschitz bound on u
we end up with:

He(t) < He(0) + /t(Cﬂ-ls(t) + Cav/e) ds, (2.36)
0

which then yields the claimed Gronwall type bound (2.25). The proof is conse-
quently complete.

3. From the Vlasov-Poisson equation to the Zakharov-Kuznetsov
equation

We perform the analysis in 3D, but this can also be done in 2D, in an almost
similar way.
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We study the behaviour, as ¢ — 0, of the solutions to the following equation
(for (z,v) € T x R3):

v A ep

NG

58tf5 - azlfs +ev- mee + (Es +
Es = _vz¢67

> ‘vvfe =0,

— 2 Ao + 5% = fedv,
R3

fs,\t:O = fs,0~

3.1. Preliminaries. This system possesses an energy, which is conserved, at least
formally:

E(t) := %/fg|v|2 dv dx
(3.2)

1 1
+ 55/ |Vaote|? do + = /(egd’i (epe — 1) +1)dx,
Note that the third term of this energy has a Llog L structure:

1 1
= (5% (epe — 1) + 1) dx = 2 /(68¢5 log(e=?¢ /%) — €5 + €Y) d.

We have the following global existence theorem, which can be adapted from
the work of Bouchut [9]:

Theorem 4. Let e > 0. Let f- o € L' NL*>°(T3 x R?) be a non-negative function
such that:

&(0) := %/fg,oM2 dv dz
(3.3)

1 1
+ 58/ |V ool do + = /(68¢5’0 (epeo— 1)+ 1)dx < 400,

where the initial electric potential . o is given by the elliptic equation:

—EQAQCQSE,O + €590 = / fe,0dv.
RS

We also assume that:

/fs,o dvdx = 1.

Then there exists a non-negative global weak solution f. € L (L'NL> (T3 xR?))
to (3.1), such that:
vt>t, E(t) <E(), (3.4)

and such that the following conservation laws for (p. == [ fedv, Je := [ fovdv)
are satisfied:

1
Oy pe+ V- J. =0, (3.5)

3tps - g
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1 1
Orde — =0z, Je + Vg </v®vfsdv> = WJE/\el
€ €

1
— = Va(e) + eV, (Vo Ve 0V, Vi) — gvxmm?. (3.6)

Let us now turn to the Cauchy problem for the ZK equation, that we recall
now:

Ord1 + P10.01 + Oy Ay = 0. (3.7)

The only result in 3D we are aware of for this equation concerns the case of the
whole space R? (for results in 2D, we refer to [19,34]): in [35], Linares and Saut
proved that ZK is locally well-posed in H*(R?), for s > 9/8, and more recently
in [39], Ribaud and Vento showed that it is well-posed for s > 1. Their proofs
are based on dispersive effects and can not be directly applied to the case of the
torus T2. Using standard methods, we can nevertheless prove the easy theorem:

Theorem 5. The ZK equation is locally well-posed in H*(T3) for s > 5/2.

This will be sufficient for our needs.

3.2. Rigorous convergence result. Contrary to the 1D case, we will not present
the formal analysis allowing to guess that the limit equation is ZK. The principle
is indeed identical, but the computations become quite lengthy. Let us refer to
[29] for that point.

We state directly the theorem asserting the convergence to ZK:

Theorem 6. Let (f-0)ec(0,1) be a family of non-negative initial data satisfying
the assumptions of Theorem 4 and such that there exists C' > 0 with:

£.(0) < C, Ve € (0,1). (3.8)

We denote by (f:)ec(0,1) a sequence of global weak solutions to (3.1) given by
Theorem 4. Let H. be the relative entropy defined by the functional:

1
H(t) := 3 /fg {|v1 - u(ll) - equ)\Q
+ |vg — \@uél) = 6ug2)|2 + |vg — \@ugl) — 5u§2)|2} dv dx
1
+ 56/ |v1¢8 - va,d)l - 5v1;¢)2 - 52V$¢3|2 d$

+ E%/ (6€¢E log(65(¢s)/65(¢1+5¢2+52¢3)) _ 65¢5 + 65(¢1+5¢2+€2¢3)> de',
(3.9)
where

(¢15ugl)au(;)au;(gl)7ug2)7u§)au;(32)a¢27¢3)
€ [C([0, To[, H*T2(T?))]* x [C([0, To[, H*1(T%))]* x [C([0, To[, H*(T?)))°
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(with s > 3/2 + 1, Ty > 0) satisfy the following system on [0, Ty|:

2011 + 2010201 + 0, (A + AL )1 =0,
= d) 1, (1) = - :E3¢17 uél) = I2¢17
QS a‘zlLlQS
) , (3.10)
GIQIQQS az3r3¢
aIlul = Osuy + Ula up + ﬁilzlzlqﬁl
Oy 03 = — 002 — 0u (0 61) = ui" Dy G2 — 05 D2 + 0 0, 0.
Then there exist C1,Cy > 0, such that for all € € (0,1),
t
vt € [0, Ty, Ho(t) < / (CyH.(s) ds + Ca/z) ds. (3.11)
0
Assuming in addition that there exists Cs such that for any e € (0,1):
He(0) < Cse, (3.12)
then we obtain for any e € (0,1):
eCrt — 1
Vt € [0,To], He(t) < Oz \e+ CQT\/E. (3.13)
1

In this theorem, we need a large number of correctors in the relative entropy,
precisely because of the nonlinear exponential term in the Poisson equation
(compare with the case of Theorem 3, where this term is linearized). In order to
get functions satisfying (3.10), we can proceed as follows:

— The existence of ¢; is ensured by Theorem 5 (actually the first equation of
(3.10) is slightly different from (3.7), but we can come down to (3.7) by using
some standard change of variables, see for instance [35])

— We observe that the six correctors (ug ),ugl), §2), , ,¢2) have their
value which is uniquely determined (contrary to the lD case) We accordingly
set:

=61, uy) =061, uf) =001,
G2 =02 . b1,
uf = 02,00 ) =02, 0n,
amul = Ou1 + u10zu1 + 821“11(;51 .
— Finally, ¢3 is a high order corrector whose value is imposed by the last equa-

tion of (3.10).

Remark 4. Note that a global well-posedness result for ZK in T2 would yield
global in time estimates (that is Ty = +o0) in this theorem, which would be
significant for logarithmically growing times, as for Theorem 3.
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Remark 5. From (3.13), we deduce that:

1

= (ewe log(e59e) fes(redate®dn)y _ oeoe +ee<¢1+a¢2+e%3>) da

Cht

1
< CyeCrty e + CQGT\/E. (3.14)
1

Following the terminology in the Boltzmann literature (see for instance the book
[41]), this roughly means that e%< “converges entropically” to es(9r1+eda+ees),

From the elementary inequality (3.17) (which will be given later), we can also
deduce the control:

Cit

(e%we _ 6%5(¢1+6¢2+52¢3)>2 de < Cgeclt\@—f— 02607_1\/5 (3.15)
1

1
c2

We have as before the corollary:

Corollary 2. Making the same assumptions as in the previous theorem, we o0b-
tain the weak convergences:

— 1 in LMY weak-*,
{ Pe —e—0 t (3.16)

Je —es0 (61,0,0) in LM weak-*.

Up to some obvious modifications, the proof of Corollary 2 is similar to that
of Corollary 1, and therefore we omit it.

3.3. Proof of Theorem 6. Relying on the fact the energy & (¢) is a non-increasing
function of time (and that H. is built as a modulation of the energy), we have
for all t € [0,Tp[ and all € € (0,1):

He( //@ [fg( |u1 +8u12)| +<€u ))} dvdzds

+/0 /& {fs <2|\ﬁug +eul? 2 — vy (Veul? + eul? )]

+/t/5‘t {fs <1|\/§ugl) +eul? 2 — vs (Veul + eul?) )] dv dx ds
+€/ /at[ Vo1 +eViaho|® — Vade - (Vat +eV,a %)} dx ds
+ ;2/0 /8,5 ews log(l/es(¢1+6¢2+52¢3))+e€(¢1+5¢2+€2¢3)} dx ds

t
— 7. (0) +/ (I} 4+ 124 I3+ Iy + I3) ds.
0
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The general strategy in the proof will be to keep (without making approxi-
mation) all dangerous modulated terms of the form

ugl) + eu?) — U1
e /fs ﬁugl) —+ 511,;2) — Vg [] dv dx
\@ug) + 5u§2) — U3

and

£ /(_eaﬁg + 66(¢1+E¢2+82¢3))[...] dr,

where [...] contains some expression independent of €, as soon as a < 0. Then
(3.10) is precisely designed so that all terms exactly vanish in the end.

On the contrary, for o > 0, these terms will be of order e* (and thus small).
For the first type of terms, this can be seen with the same argument as in the
proof of theorem 3, namely the uniform (in £) bounds on the L! norm of p. and
J.. For the second type of terms, one has to use the Poisson equation satisfied by
¢ and use the bound on the electric energy. Indeed, given some smooth function
¥, we can write:

5a/eE¢Ede:50‘/52A¢€de+€a/p€Wdac.

The second term is clearly of order %, using the uniform L' bound on p.. On
the other hand, by integration by parts, we have for the first term

5“/52A¢6!de = sa“/wg - VV dx,

which is of order e*™! using the uniform bound obtained thanks to the conser-
vation of energy:

5/ |V |* de < £.(0) < C.

Finally any term like e* [ es(@1ted2+e0a)[ ] dx is clearly of order £°.

We start by studying separately I+ + I7 + I3, I and I3. All computations are
justified using only the local conservation laws (3.5) and (3.6).

Study of I} + I? + I3.
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With similar computations as in the proof of Theorem 3, we obtain the iden-
tity

H+E+ﬁ:
(2)

)y eul® — vy — O ul?) + 0y, 1
/f& (1) + Eu( Dy || —ulV 4 04 | dvda
(1) + su@) U3 él) + Oy, 1

1 1
/ ~peuV .V, ¢y dx — / peu® - V¢ da + / —Je Vot da

\fuzl) + Eu(2) AN —ug) - azluél) dvd
fe Vel &) @) ) | dvdz
+eus’ —v3 Uy ' — Og, Us

) 4 €u§2) — 3tu(11) + u(ll)amluﬁ” - 3I1Ué1) + O, 2
/fs (1) + €U(2) v |- —&Clug) + O, 02 dv dz
fu(l + Eu(2) V3 —3zlug(32) + Oy, 02

+/J5VT¢2dm—/ nggdxfs/ nggdx

/fs M4 5u )23zu§1) dx
/ —peEe - cu dr — /pEE6 cu® dx
+ O(e).

In this equation, O(e) is as usual a notation for all terms that can bounded by
Ce, where C' is a positive constant. We also denote here:

= 02, VB, VE) and ) 1= (02, o2 )
We observe that we can write:

1 1
- / gpeEs 'U(l) dx — / gpeu(l) Vg1 dx — /peu(l) Vo dz

- _é /paul (Va1 +eVada — Vide).

Study of I5.
We obtain:

I, =« / Ot (Vep1 +eVaa +€2Vx¢3) (=Vade + Va1 +eVapo +52vx¢3) dx

. / 0V a6 - (Vay +eVads + 2V da) da
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We have the easy bound:

g

/at(vr¢1 + 5vm¢2 + 52v$¢3) ' (7vw¢s + V$¢1 + 5vm¢2 + 52Vx¢3) dx

<c [e / (On(Vatr + Vs + 2V ahy))2 dar + ¢ / (—Oabe + Doy + £0uh2)? dx}
< O() + CH.(t).

Study of Is.
We can compute:

1
h=3 /(—ee‘bf + eSO +e0209)) ), (9 + en + £203) da

~ 2 [0 )61+ 260+ o) o

=13+ 12
The first term can be recast as follows:
1
[; _ - /(_esqbs + ea(¢1+s¢2+e2¢3))6t¢1 dr + /(_ea¢s + ea(¢1+s¢2+62¢3))6t¢2 dx

_'_E/(_ews +€€(¢1+s¢z+62¢3))8t¢3_

For the second one, we use the Poisson equation (with a time derivative) and
the conservation of charge in shifted variables, that we recall below:

0p(e5%) = 2 A0y . + Osp-,

1 1 1
7atp€ = 728:1:1PE - 7vz ' J67
e I3 e

to obtain:

1
- —S—Q/azlpg(dn Y ey + 203) da
1
+g/vz~JE¢1d$+/Vz~JE¢2d$U+€/Vm-J5¢3daﬁ

iy / 0, A (61 + 63 + £263).

As in the proof of Theorem 3, every term in I3 but the first one gets simplified
with some other ones obtained in /; and Is.

Study of the remaining significant terms.
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There remain to study the following potentially harmful terms:

Ky :=— /pgu@) V(b1 +epo)de, Ki:=— /pEEs ~u® de,
1
K3 = _g /peu(l) : (vz(bl +EVI¢2 - VSL’¢€) dl‘,

1
Ki=- / Do po(61 + 260 + 263) da,

Ky = 1 /(_ema + es(¢1+s¢2+62¢3))8t¢1 dz.
€

K¢ := /(_e€¢s 4 e€(¢1+6¢2+62¢3))3t¢2 de.
We start with K7 4+ K5, using the Poisson equation:
Kot Ky = [ €0u® 9001 + 00 - 6.)da

+é? / Apu® - (Vo + Vot — Vade) da.
= L1+ Lo.
We have:
L, = —/ewsu@) Vg1 de — 5/65¢5u(2) -Vepadx

1 / eV, -u? dz.
€

For Ly, we have
Ly =¢? / Apu - (Vi1 + eViygo) da — €2 / Apu? -V, . dx
= Ly + L3.
By integration by parts, we get:

Lyl =

g2 / Voo - u? (A + eApy) dx

<C (62/|V¢5|2d$+08)

< C(e€:(t) + Ce) < Ce.

Note here that we have used the Lipschitz bound on the second derivative of ¢
and ¢s.
For L3, we rely on the usual trick to write:

1
L2 = —552/Vm|vm¢5\2 u® da

_ !

262/|Vz¢6|2 Vz u(2) dxa
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from which we deduce that
|L3| < Ce.

Using the Poisson equation for Kj:
1
K3 = _E/ews“(l) “(Vadr +eViaga — Vyée) d
+ /EA¢EU(1) : (vw¢1 + 5vw¢2 - vm(be) dx
= K1 + K3.

Concerning the first term, we write the decomposition:

1
K} = ”/ef%u(l) V¢ dx

€
1
_ /ewau(l) Vo dr + g/emﬁeu(l) V0. dz
=J1+ Jo + J3.
We start by the study of Jy:
1
Ji = - / (ea(¢1+8¢2+62¢3) — eE¢5) uﬁ”am ¢1dz
1 1
- /65(¢1_5¢2)u§1)8m¢1 dx — - /esd’g (uV) — ugl)el) - Vo1 dx.

Clearly, we have (for instance using a Taylor inequality):

1 1
/ 10wV 0y, ¢ do = —— / "y, 61 do + / G108 0, b1 da + O(e).

€
In the end, we will take ugl) = ¢1, so the terms of this latest expression which

are of order O(1/¢) and O(1) are exactly equal to 0.
For J,, it is sufficient to write:

Jo = —/ea%ug”awl@ dx — /eme (u(l) — ugl)el) - Vapda de.
We decompose the last term in the following way
1 b
J3 = g € E¢1ax1¢s

1

+ g \/egd)E (Ugl) - ¢1)8m1¢5
1

+ g /66(;55 (U(l) — ugl)el) . Vz¢s

The first term could be dangerous, but will disappear using a term coming
from a term of K (first term of K} below). The second one will be equal to 0

since we take ugl) = ¢.
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Gathering the pieces together, we finally obtain:

1
g/es‘ﬁg (u(l) — ugl)el) “Va(de — 1 —ea) =
1
- o [ €O + 0y do

1
-2 ] ¢ (7000 + w001 da
— \/E/ews (u(zl)am% +u;(:,1)5a:3¢2) dx.

Let us now turn to the treatment of K3:
K2 = /sAqﬁau(l) (Vatr + Vo) dz — 5/2/v$|v$¢8|2 D da.

This term is treated exactly as Lo, but we have to be careful since it is singular
in €. Here, rather than bounding by the energy, we shall rely on a bound by the

modulated energy. We have

8/2/v1|vz¢5\2 cuV dx
= _5/2/|vz¢5\2vw cuV dx

—e/2 / \Vate — Vo1 — eVt — 2V 032V, - uV da
+ 5/2/ Vbt + eVaths + €2V 652V, - uV) da

- 5/vm¢e . (vxd)l +eVaepa + 62vx¢3)vx . u(l) dz.

We shall bound the very last term using the Cauchy-Schwarz inequality and

the various Lipschitz bounds:

E/Vz¢a (Va1 + Vet +2Vo3)Vy W dg

< Cy/ey /5/ |Vaede|2dr < CVEE(t) < Cy/e.

Therefore we obtain:

|K3| < CH(t) + Cy/e.
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Finally, concerning K, we get:
1
Ki= % [ 000001+ 00,62+ 200, 00) da
~ 1 €% (O, 1 + €0 29 d
= 22 1 P1 & 11¢2+€ w1¢3) z
= [ 800001 + 20,62+ 201, 00)

= Ki —l—Kf.

The first term can be decomposed as:
K= 2 [0 0 0n ds
%/ewsah@ dx
+ / €920, Pz du.
The second one can be recast as:
Ki=-— / $e A0y, 1 da + O(VE).

We shall focus our attention on the important term:

L:= _/QbaAa;cl ¢1 dx

— %/ewmazlm dx + é /(ef% —£¢.)Ad,, ¢ d.

We have the following technical result, allowing to consider the second term
above as an error term:

Lemma 1. There exists C > 0 such that for any € € (0,1):

% ’ / (e%c — £ ) AD,, ¢y dx| < C/e.

Proof (Proof of Lemma 1).
The naive idea would be to use the Taylor expansion

1
e ~01+z+§x2.

but we cannot say that e||¢.||o < 1. (Even worse, we do not have any L? control
on ¢..) Instead, we will only rely on the bounds given by the conservation of
energy. The classical inequality (valid for x,y > 0) will be very useful:

(Vz — y)* < zlog(z/y) —x +y. (3.17)

We shall write the decomposition
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1/(es‘Zﬁs — ) ADy, b1 da =

€
é/(ea‘ﬁf - 26%8¢E)A8m1¢>1 dx
1 [ a1
+ - (e29¢ — 55@)248:”1(;51 dz.

We first recast the fist term as follows:

1 1
€ / (¢79 — 2e5°%) ADy, dy dx = — / (¢ = 2¢3°% 4 1)A0;, 61 da

= 1/(655‘1’5 —1)2A0,, ¢1 da.

€

Using (3.17) and the Lipschitz bound on the second order derivative of ¢,
we obtain:

%/@%ws 120,61 dw < Cs/ é(eed)g (b — 1) — 1) da
< e (t)
< e&(0)
< Ce.

For the second term, we have by integration by parts:

1/(e%€¢e - %we)magﬁ@ dr = —/vmg(e%% — 1) Vy0y, b1 da.

£

Then we write, using |ab| < (Aa? + $b%), with o a parameter to be fixed:

‘/vms(eéf% — 1) VO,, ¢y dz

1
< Caa_ls/ V.0 |? + Ce 2 / ?(€€¢5 (e — 1)+ 1) da.

To optimize, it is clear that we should take o = 3/2. Thus, relying on the uniform
bound given by the energy, we get:

1 1 1
f/ <e28¢5 — ¢E> 2A0,, ¢ dx
€ 2

The proof is therefore complete.

< Cye.
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Conclusion.
Finally, we impose all cancellations for the terms

ugl) + sugz) — V1

€ / fo | Veul + eul? — vy | [] dvdz
\/Euél) + Eu:(f) — V3

for a = —1,-1/2,0 and
65 /(765(#5 + €€(¢1+€¢2+62¢3))[...} dr

for = —-3/2,—1,—1/2,0, which precisely means that we impose:

— Oyl + 00,1 = 0,
— ugl) + Oy, 1 = 0,
ug) + 0,01 =0,

- uéQ) - 8zlugl) =0,
ugz) — Gmluél) =0,

atu(ll) + ugl)amugl) - 81171%1) + 8901 ¢2 = 07

) (3.18)
— O us) + Dpypo =0,
— 0y ul? + By = 0,
8z2ué1) + 8m3u§1) =0,
b1+ Vo - u® +610:, 1 + Ay d1 — Ouy 2 = 0,
uél)ﬁmqbl + uél)&gsqﬁl =0,
Ornr + 610,02 + w0y, 01 + uf Dy, 01 + P Dy 61 — O, 3 = 0.
All these identities are exactly obtained as a consequence of (3.10).
We end up with:
t
Ho(t) S H.(0)+ [ (CoHe(0) + CavBds, (319)
0

and arguing as in the proof of Theorem 3, this is over.

4. Appendix A: From the Vlasov-Poisson equation to the
Kadomstev-Petviashvili IT equation

Assuming a slow variation in the x5 direction, one may end up with the following
anisotropic long wave scaling for the Vlasov-Poisson system for ions. For simplic-
ity, we restrict here to the linearized Maxwell-Boltzmann law, but the same study



From Vlasov-Poisson to KdV and ZK 31

can be performed for the full equations. The variables are t > 0,z € T?,v € R?:

5atfa - axlfa + €Ulax1fa + 33/2@281‘2f8 +E; - vas =0,
E= (_8x1¢67 —\/ggngbe)a

(4.1)
- 02,0 = b b0, = [ Lo,
f|t:0 = fO-
The scaled energy of this system is the following functional:
1 2
E(t) = 3 felv|? dvdx
(4.2)

1 1 1
+§€/|8w1¢5|2da:+552/\8x2¢5\2dm+§/¢§dx.

We have the existence of global weak solutions, sharing the same properties
with those given in Theorem 1.
For the KP-II equation, that is

aIl (8t¢1 + (blaam ¢1 + 8g1m1:1:1 ¢1> + aizmz(bl = 0’ (43>

our reference is an article by Bourgain [12], in which is proved the following
theorem:

Theorem 7. The KP-II equation is globally well-posed in H*(T?) for s > 0.

Once again, we will only use this theorem for large values of s.
As for the other cases, we obtain the rigorous convergence to KP-II, which is
summarized in the following theorem:

Theorem 8. Let (f:0)-c(0,1) be a family of non-negative initial data such that

| feollLinrns < oo, /fs,o dvdr =1, (4.4)

and such that there exists C > 0 with:
E(0) <C, Ve e (0,1). (4.5)

We denote by (f:)ee(0,1) @ sequence of global weak solutions to (4.1). Let H.
be the relative entropy defined by the functional:

1
He(t) == B /fE [|v1 - ugl) - 5u§2)|2 + vy — ﬁugl) - 53/2u§)|2} dvdx
1 2 L o 2
+ 58 |a€v1¢€ - aﬂ:1¢1 - Eax1¢2| dz + 55 |a:r2¢€ - 312¢1 - 88m2¢2| dx

45 [0 -0,
(4.6)
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where (u1,uz, g1, ¢2) € [C([0, +ool, H5T2(T?))]* (with s > 2) satisfy the follow-

mng system:

81‘1 (28t¢1 + 3¢18£1 ¢1 + aglxlxl ¢1) + 8§2x2¢1 = 07
ul) = g1,

Oy = 00,61, o
On, (uf?) = 62) = D1 + 610,61
Then there exist C1,C2 > 0, such that for all € € (0,1),
¢
Ho() < H.(0) + /0 (C1H.(s) ds + Cav/E) ds. (4.8)

Assuming in addition that there exists C5 > 0 such that for any e € (0,1),
He(0) < Csv/e. (4.9)

Then we obtain for all € € (0,1):

Clt 1

Vt € [0, +oo], He(t) < CyeCrty/E + CQGT_ﬁ7 (4.10)
1

as well as the weak convergences:

4.11
Jo —cs0 (61,0) in LM weak-*. ( )

{pa —. 0 1 in LM weak-*,
The proof of Theorem 8 follows from computations in the same spirit as the
previous ones, and therefore we leave it to the reader.

5. Appendix B: A KdV limit in the whole space R

All results stated in this paper are restricted to PDEs set in the torus for the
space variable. The reason is that in all cases, in the end, the first moment
pe (charge density) has to weakly converge to the constant 1. This function is
obviously not integrable in the whole space, and the assumptions needed for our
results to hold are actually not consistent in the whole space case.

It is nevertheless possible to slightly adapt the KAV limit of Section 2 to
handle that case. Keeping the same notations, we shall rely on the fact that the
electric potential can be defined up to a constant, and use the following version
of the energy

1 1 1\?
F(t) = = felv]? dv dx + *6‘/ |V ot |® da + f/ ¢ —— | dxdez,
2 Jr 2 Jrxr €

2 RxR
(5.1)
This means that ¢. € 1 + L?(R) (instead of the more usual ¢. € L?(R)).
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The Ansatz in that case for the formal computations now corresponds to the
following one:
pe = ep1 + O(e?),

1
¢5 g +¢1 +5¢2 +O(€2)7 (52)
e = uy + cuy + O(2).

In particular this means that we expect that p. weakly converges to 0 (which is
of course integrable on R). The formal computations then remain the same. In
the end, we may obtain the same result as Theorem 3 except that we consider
the following relative entropy instead of (2.21):

1 1
He(t) := 5 felv —ug — suQ|2 dvdx + 55/ |0 b — Opp1 — 58m¢2|2 dx
RxR R

1 1 2
3 ) <¢E‘s‘¢1‘5¢2> “
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