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Abstract

We study the large time behavior of small data solutions to the Vlasov-Navier-Stokes system on
R3 x R3. We prove that the kinetic distribution function concentrates in velocity to a Dirac mass
supported at 0, while the fluid velocity homogenizes to 0, both at a polynomial rate. The proof is
based on two steps, following the general strategy laid out in [20]: (1) the energy of the system decays
with polynomial rate, assuming a uniform control of the kinetic density, (2) a bootstrap argument
allows to obtain such a control. This last step requires a fine understanding of the structure of the
so-called Brinkman force, which follows from a family of new identities for the dissipation (and higher
versions of it) associated to the Vlasov-Navier-Stokes system.

1 Introduction

Consider the Vlasov-Navier-Stokes system set in R3 x R3:

Of +v-Vyuf +divy[f(u—v)] =0, 1.1)
O +u-Vu—Au+ Vp = jr — pru, (1.2)
divu =0, 1
where
pr(t,x) == ft, xz,v)dv,
RS

Jr(t,x) == /RS vf(t,z,v)dv.

This system aims at describing the dynamics of an aerosol, that is, loosely speaking, a cloud of fine
particles immersed in a (homogeneous, incompressible) fluid (e.g. the air); the kinetic distribution
function f(t,-,-) describes the density of the particles in phase space R3 x R3, while the fluid is described
by its velocity field wu(t, ) and pressure scalar field p(t,-). For the sake of readability, the equations are
written in dimensionless form; for a version with explicit physical parameters, we refer e.g. to [I7]. The
forcing term in the Navier-Stokes equations, which accounts for the exchange of momentum between the
particles and the fluid is referred to as the Brinkman force. Several variants of the model are possible (to
account for more complex physics) but the Vlasov-Navier-Stokes system stands as an important prototype
to build on. Let us in particular emphasize that 77 can be (at least formally) derived from
first principle equations: in [5], Bernard, Desvillettes, Golse and Ricci proposed a program (similar to that
of Bardos, Golse and Levermore [4] for the derivation of incompressible Navier-Stokes from Boltzmann)
to derive the Vlasov-Navier-Stokes system from a system of multiphase Boltzmann equations describing
a biphase gas mixture. For another approach (based on fluid homogenization) leading to the derivation
of the Brinkman force, see [l [12], 211, 22] @, [I4], see also [23], 25] in the inertialess regime. We also refer
to [7] or the introduction of [20] (and references therein) for other details on modelling issues and on the
mathematical context.
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We define the energy and the dissipation of the Vlasov-Navier-Stokes system as

B(t) ;:%/}RS |u(t,m)|2dx+%/Rg Sz dvd (1.4)
D(t) ::/ ft,z,0)|u(t,z) —v|? dvdx—i—/ |Vu(t,z)|* dz. (1.5)
R3 xR3 R3

Formally, the following energy—dissipation identity holds:

d

—E(t) + D(t) = 0. (1.6)
dt

We consider global weak solutions to the Vlasov-Navier-Stokes system that satisfy an energy—dissipation
inequality as built in [()]E| (see also [8, 19] for more recent developments). Let us recall precisely this
notion.

Definition 1.1. We shall say that (fo,ug) is an admissible initial condition if

ug € L3, (R?) = {U € L*(R?), divU = 0}, (1.7)
0 < fo e L' NL=®(R? x R?), (1.8)
(z,v) = folz,v)v]* € L}(R? x R?), (1.9)
/ fodvdz = 1. (1.10)
R3 xR3

Definition 1.2. Consider an admissible initial data (ug, fo) in the sense of Definition . A global
weak solution of the Viasov-Navier-Stokes system with initial condition (ug, fo) is a pair (u, f) with the
regqularity

u € Llocfc(R-l‘; LQ(Rg)) N L2 (R+;Héiv(R3))7

loc
0 < f el (Ry; L NLE(R? x RY)),
g — pru € L (Ry HTH(RY)),

/ fdvdx:/ fodvdz =1,
R3 xR3 R3 xR3

with u being a Leray solution of (1.2) — (1.3|) (with initial condition u|i—o = uo) and f a renormalized
solution of (1.1 (with initial condition f|li—o = fo), and such that the following energy—dissipation
inequality holds for almost all s > 0 (including s =0) and allt > s,

E(t) + /t D(0) do < E(s). (1.11)

We aim in this paper at describing the long time behavior of small data solutions to the Vlasov-Navier-
Stokes system. This work can be seen as another part in the series of papers [15], [20]. In [I5] long time
behavior is studied for the system set in a 2D rectangle with partly absorbing boundary conditions.
It is shown that under a geometric control condition (the so-called exit geometric condition), there
exist non-trivial smooth equilibria, and these equilibria are asymptotically stable under small localized
perturbations. In [20], long time behavior is studied for the system set on T2 x R? (i.e. periodic data in
the space variable). Let us discuss the later in more details in the next subsection.

1.1 The case of T3

In the paper [20], the question of long time behavior was tackled for the system set on T3 x R3. On the
torus, a key object is the so-called modulated energy, as introduced by Choi and Kwon [11]:

60 =5 [, Htw o= st dvdet g [ futt.a) = (O) de+ 710,(0) - W)l (112

1As a matter of fact, [6] builds such a solution on T? x R3, but the proof can be adapted to R? x R3, following the
arguments explained in [19, Appendix A].



where () stands for the spatial mean on T3.
Loosely speaking, the main result of [20] proves that under the condition

£(0) + ||u0||H1/2('JI‘3) <1,

the fluid velocity w homogenizes as t — +o0o to the constant value Uy := M, while the kinetic
distribution function f(t) concentrates in velocity to a Dirac distribution supported at Uy. Moreover the
convergences are exponentially fast.

Two main ingredients are at work in the proof of this result.

1. Choi and Kwon proved in [I1] that & decays exponentially fast provided that one ensures the global
control ||pf|e(0,400;1.50(T3)) < +00. This is based on the (formal) modulated energy-dissipation

law
d
&cf(t) +D() =0. (1.13)

and the fact that the bound ||pf||1=(0,4-00;1.5(T3)) < +00 provides the control
&(t) <D(1), vt >0,
yielding
Et) Se MEWO), V>0, (1.14)
for some A > 0.

2. The second ingredient is a bootstrap analysis. Thanks to a straightening change of variables in
velocity inspired by Bardos and Degond [3], the global bound ||py |1, (0,4c0;Lec(13)) < +00 follows
from an estimate bearing on the Lipschitz semi-norm of u, namely

“+oo
/ IV || dt < 1. (1.15)
0

In [20], it is shown that this control can be ensured for a class of data close to equilibrium, precisely
in the sense that &(0) + ||UOHH1/2(1I3) < 1.

The main idea is that higher order parabolic regularity estimates for the Navier-Stokes equations
(possibly with some mild polynomial growth in time) can be interpolated with the modulated
energy decay estimate to produce the estimate . Indeed, the exponential decay of &
yields the required integrability in time, while the smallness of &(0) yields the required smallness.

1.2 Main result

We focus in this paper on the case of R? x R3. We shall work in a small data regime, namely we
loosely speaking require that the initial kinetic distribution and fluid velocity are small in the sense that
HUOHH1/2(]R3) + I follLs (r3;Lee ms)) < 1, and that the initial energy is small as well, that is E(0) < 1.

Let us start by recalling some notations for moments from [20].

Definition 1.3. We say that an initial condition satisfies the pointwise decay assumption of order ¢ > 0

if
(z,v) — (1 + |v|%) fo(z,v) € L°(R? x R3),
and in that case we denote
Nqg(fo) == sup (1+|v]?)fo(z,0).
z€R3 ,vER3

Definition 1.4. For all a > 0 and any measurable non-negative function f: R3 x R3 — R, , we set
maf(t, x) ::/ flv]* do,
R3

M,f(t) == / flv]* dv da.
R3 xR3



The main result of this paper is stated in the following theorem.

Theorem 1.1. There exists po > 3 such that, for all p € (3,po] and all o € (0,3/2), there exist § > 0
and an onto nondecreasing function U such that the following holds. Let (uq, fo) be an admissible initial
condition satisfying

, f 2 2
up € Z N By ,(R?) N By (R?), Z:=L'(R*) nH'(R*) N B:x (R®), s, =2-— 5o = 2——,r>5/2,

M fo + Ny(fo) < +oo, fora>3,g>p+3.
(1.16)
If
U(l[uollz + Mafo + No(fo) + 1)E(0) <1, | follLt (r8;Lee (r3)) < 6, (1.17)
then there exists a continuous function . cancelling at 0, such that the global weak solution (u, f) with
initial condition (ug, fo) satisfies

Pa(E(0) + [luollf (gs))
E(t) < (1+4t)e ’

vt > 0. (1.18)

The notation B, q(R3) stands for Besov spaces, for which we refer e.g. to [2, Chapter 3].
Remark 1.1. The uniqueness of the global weak solution follows from [1§].

Remark 1.2. Note that as opposed to the torus case [20], a supplementary smallness condition on the
initial kinetic distribution function is required.

Remark 1.3. It is likely that as in [20], by relying on some instantaneous parabolic smoothing mechanism
for the Navier-Stokes equations, the higher regularity assumption on ug in (1.16)) can be partly dispensed

with; note that this would nevertheless at least still require ug € H1/2(R3) (with small norm). We have
made the choice to not dwell on this possible development, as we think it is not essential.

Remark 1.4. The decay in (I.18)) does not imply that VE € L' (0, +00), which means that this does not
enter the abstract framework of [24], Theorem 1].

According to the next lemma (see e.g. [20, Lemma 1.1]), the energy E(¢) allows to control the
Wasserstein distance W1 of f to the Dirac mass in velocity supported at 0 with density py(¢).

Lemma 1.2. Forallt >0,
Wi (f(1), p5(t) @ Gu0) + [[u(t) 2 @sy S (B(1)Y2. (1.19)
We therefore deduce

Corollary 1.3. With the same assumptions and notations as in Theorem for all « € (0,3/4), for
allt >0,

/220 (B(0) + luol2: zsy)
(1+1t)

In other words, this result proves that the kinetic distribution function concentrates in velocity to a

Dirac mass supported at 0, while the fluid velocity homogenizes to 0. In particular this entails that the

trivial solution (0, 0) is Lyapunov unstable. This is in sharp contrast with the case of other Vlasov type
equations such as the Vlasov-Poisson (see e.g. [3]) or Vlasov-Maxwell (see e.g. [16]) systems.

Wi (f(), p7(t) @ du=0) + [[u(t) |2 (rs) < (1.20)

Remark 1.5. By weak compactness, there exist a sequence of times (t,,) going to infinity and an asymp-
totic profile p>°(x) as the weak limit of ps(t,) as n — +o00. However, because of the slow polynomial
decay obtained in , we cannot apply [20, Proposition 3.5] which would prove the uniqueness of the
asymptotic profile and the convergence without requiring to take a subsequence.

Remark 1.6. Corollary[1.3 loosely speaking means that both the cloud and the fluid become asymptoti-
cally at rest. Obtaining a non-trivial dynamics, if possible, would require drastically different assumptions
on the initial conditions. Indeed, as soon as the initial energy E(0) is finite, the energy—dissipation in-
equality implies that f0+°° D(s) ds < E(0), which formally implies that the fluid asymptotics must
be trivial.



Let (u, f) be a global weak solution associated to an initial condition (ug, fo) satisfying the assump-
tions of Theorem We will follow the strategy outlined in the study of the torus case [20]. However
several important differences appear.

The first step of the proof will be to obtain the conditional large time decay of the energy, which is
the analog of the aforementioned result of Choi and Kwon [I1] for the torus case. However, in R3, in the
absence of a Poincaré inequality (for the Lebesgue measure), we cannot expect exponential decay. At
best, we can hope for a polynomial decay similar to that obtained for solutions to the Stokes (or heat)
equation. We will show that we can indeed almost reach such an optimal rate, despite of the presence
of a forcing (the Brinkman force) in the Navier-Stokes equations.

To this end, we will adapt Wiegner’s method [30] for proving large time decay for the Navier-Stokes
equation with source, but with a specific analysis of the influence of the source in the precise context of
the Vlasov-Navier-Stokes system (indeed the forcing is far from decaying fast enough to apply directly
the abstract results of [30]). This takes into account the fine structure of the system. Loosely speaking,
we will take advantage of the tight links between the Brinkman force and the dissipation D(¢). As in the
torus case, (polynomial) decay is achieved up to an a priori control on the moment ps. As a byproduct
of this analysis, we obtain that the dissipation somehow decays faster than the energy itself (roughly
speaking, a factor 1/t is gained). This latest observation will serve as a guiding line for the upcoming
analysis.

The second step is the bootstrap analysis, allowing to obtain the required control on py. As in the
torus case, a change of variables in velocity allows to reduce the problem to proving

+oo
/ ||Vzu||Loo(]R3)dt < 1
0

As the decay of the energy is only polynomial, we cannot hope to give the exact same argument as in
the torus case, where exponential decay of the (modulated) energy, after interpolation, virtually allows
to provide any integrability in time. This interpolation will however still be useful to obtain smallness.

The idea is as follows. Recall that for the heat equation, it is well-known that derivatives of the
solution enjoy a better decay in time than the solution itself. With this perspective in mind, we shall
also prove that better decay estimates hold for derivatives in space of the solution to Navier-Stokes,
despite the forcing. This requires a fine understanding of the structure of the Brinkman force, in relation
with an appropriate notion of dissipation. This will lead to a family of new identities that account for
the better integrability of the dissipation and of higher order versions of it. We expect these identities
to prove useful as well in other contexts.

The paper is organized as follows. In Section [2] we show the polynomial decay of the energy, up
to a conditional bound on the density py. The remainder is dedicated to the proof of this bound with
the assumptions of Theorem Section [3| provides preliminaries (mostly directly taken from [20]) for
a bootstrap analysis. In Section [d] the aforementioned key identities explaining higher decay of higher
dissipations are provided, which finally allow to carry out the bootstrap argument in Section

Notation 1.1. In this paper we shall use at multiple times the notation A < B, which stands for the
statement: there exists a universal constant C > 0 such that A < CB.

2 Conditional large time behavior on the whole space
The goal of this section is to show the following conditional result.

Theorem 2.1. Let T' > 0 and assume that ||pg||re(0,r;®3)) < +00. Then for all a € (0,3/2), there
exists a continuous function ¢ cancelling at 0 depending on ||pg||L= 0, r;L ®3)) but independent of T' such
that

B(t) < (E(0) + ||UO||il(R3)).

- (14t)> @1)

We therefore obtain, up to the control of py, almost the same decay as for the Navier-Stokes without
source, that is loosely speaking the same as that of the heat equation on R? (see [30]).



Notation 2.1. In this section, abusing notations, p will always stand for a function satisfying the same
properties as in the statement of Theorem [2.1], but may change from one line to another.

We shall rely on the Fourier-splitting method of Schonbeck [27] 28], developed by Wiegner [30] and
Schonbeck and Wiegner [29]. Note however that we cannot apply directly their abstract results bearing
on Navier-Stokes with a source, since this would require a strong decay on this source that we cannot
expect to ensure. As already mentioned in the introduction, we will rather rely on the fine algebraic
structure of the full Vlasov-Navier-Stokes system.

The Fourier-splitting method is a way to control from below the fluid dissipation by the fluid energy,
modulo several corrections, using a well-chosen (time dependent) splitting of the Fourier space.

Proof. Following [30], given a time-dependent cut-off function g(t), by Planchereﬂ we can write

/’|vxm2dx::/“|aﬂaﬁdg
R3 R3

z/ €[2al? g
[€]>9g(¢)

zﬂwwam—f@/ al? de.

[€]1<g(t)

On the other hand, we have

1
/ f|v—u|2dvdx25/ f\v|2dvd:177/ prlul® dz
R3 xR3 R3 xR3 R3

1

>5[ AP dvde ~ lpslmo oy lula e
R3 xR3

Choose now Cy > 0 large enough so that

||Pf||L°o(o T;Lo° (R3))
L <1/2. 2.2
1+ Cy <1/ (2:2)
We will also ensure that for all ¢ € [0, T,
2
g9°(t)
<1/2. 2.3
14+Co — / (2:3)
A part of the fluid-kinetic dissipation term is then used in the following way:

2 2

g (1) / 2 1 g*(t) / 2 oo lorllLe ey o
—u["dvdz > 5 dvdr — g*(t )

1+ Co Jraxgs flo—ulfdvdz 2 214Gy Jraxrs flof dvdz = g7(t) 1+ Cyp ||u||L2(R3)

We deduce the following bound from below for the dissipation:
/ \Vmu|2dx—|—/ flv —ul|? dvdz
R3 R3 x R3

gz(t) 2
Z (1 B 1+Co> /RSX]RS fIU—U|

1 QQ(t) 2 2 ||Pf||L°°(0 T;Lo° (R3)) 2
- dvd t)[1— =
21+ Cy /RSX]RS flvl vartyg ( ) 1+Cy HUHLz(RS)

g [P
[€]<g(t)
Thanks to (2.2)—(2.3), we get
1 g*(t)

1
/ |Vzu|2dx—|—/ flv—ul?dvdx > f/ flo—ul®+ = {/ f|v|2dvdx+||u\\iQ(R3)
RS RS xR3 2 Jrexgs 14 Co [Jroxrs

—f@/ al? de.
1€1<g(t)

2Throughout the paper, we use the normalized version of the Fourier transform such that lallr2 sy = llullL2(rs) for all
u € L2(R3).

+

[\




We set g2(t) := 1 g*(1) By the energy—dissipation inequality (1.11]), we end up with the following key
inequality: for almost all s >0 and all s <t < T,

t 1 t
E(t)+/ gz(T)E(T)dwf/ / flo — uf? dv dzdr
s 2 s R3 xR3

¢
SE(S)+/ g2(7')/ |a\2d§dr.
s [€]1<g(T)

We need to control the last term of the right-hand side of (2.4]). To this end, as in [30] we use the fact
that u solves the Navier-Stokes equation with a source term. Let Up(t,z) be the solution to the heat
equation in R? starting from wug at t = 0, i.e.

(2.4)

6tU0 — AUO = 07 UO‘t:O = Up.

(For later use, recall that since ug € L'(R?), Uy decays in L*(R?) like 1/t3/4) Taking the Fourier
transform in (|1.2]), we obtain

Qi +1€PPu=—u-Vu+ F+VP, Gy =T
where F' = jr — pyu. By the Duhamel formula, this yields
— t —_— ~ 2 t 2
@ = U+ / (—u Vu+ F) DI g / VPVl g, (2.5)
0 0

Thanks to the incompressibility of u, we must have

¢ (~u-Vu+F)

VP =
€12

£,

so that for all € € R3,
IVP(E)] < [(—u-Vu+ F)(E)].

Integrating ([2.5)) with respect to £ on the ball {|¢| < g(7)}, the outcome is

2
[ RS o+ [ ([ [ [ ar) e
1€1<g(7) 1€1<g(7)

Thanks to the incompressibility of u, we recall that we can write « - Vu = div(u ® u), so that

Jomo ([ 75000 a5 e ([ [l o) a

<027 ([ Il (107
Likewise, we obtain

/fég(r) </ot ‘ﬁ(T’ 5)) d7>2d5 So(r)’ (/Ot 1l sy (7) dT)2

Therefore we have proved the estimate

/IEISg(T) [a(r)[? dé < C<||U0( T2 gy + 97( (/ [u(s) 172 s )
+6%(n) ( [ 16s = ool d))



The first two terms in the right-hand side of (2.6)) will be treated exactly as in Wiegner [30, pp. 307-308].
Only the last one is new. We write, thanks to Cauchy-Schwarz,

- - 1/2
| 16 = @y ds < ( / f|vu|2dvdx> s, 2.7)
0 0 R3 xR3

where we have used the normalization

/ f(t)dvd:v:/ fodvdz =1.
R3 xR3 R3 xR3

Now, we can use (2.4), (2.6) and (2.7) with a Gronwall-like argument (see [30]) that is summarized in
the following statement.

Lemma 2.2. Let y(t) satisfy the following differential inequality. For almost alls > 0 and alls <t < T,

w0y + [ e <y + [ par

Then for almost all t € [0,T],

v s (- [ 3mar) + [[ew (- [ #0)ar) srran

Applying Lemma [2.2] with

o(6) = E(0)
1 2
8 == [, o=l dvde+ o) Uo(r) e

+ 07 [ 106 )
et ([ 167 - pr e d )

we end up with the key inequality

E(t) exp (/Ot 3 (s) ds> + ;/Ot (/RBXW flo— u|2dvdx) exp (/OT 3 (r) dr> dr

< E(0) + C/Ot G (DU (7|72 sy exp </OT g (r) d7”> dr
+ c/ot o7 () (/O ()12 s dr>2eXp (/OT 20 dr) dr
t T 1/2 2 T
—|—C/0 g () (/0 </R3xR3 flv —u2dvdx> dr) exp </0 3> (r) dr> dr.

We are finally in position to choose an appropriate function g(t). We pick up, still following [30],

(2.8)

2a(1 + Cy)

~2 « 2
tzi t:
0 =g =

10+1¢

with @ > 0 to be carefully determined. Unlike [30], we will always consider 1 < o < 3/2, so that (2.3)) is
satisfied. One remarks that (2.2]) can thus indeed be ensured, picking Cy large enough. By construction,

we have .
exp (/ 3*(s) ds) = (104 t)~.
0



Note that we have, as o < 3/2 (to ease readability, we shall not explicitly track down the dependence
with respect to E(0) + ||u0||i1(R3) in the rest of the proof),

T ¢ ||UO||il(R3) + HUOHi%RS)

(1 +r)iHs2—a 7 (2.9)

E(0) + /Ot g ()| Us(7) £ gs) exp (/O a°(r) dr) a7 S E) +/0

<1

We now explain the iteration procedure that allows to obtain (2.1]) for values of « that are less than but
arbitrarily close to 3/2. Assume that on [0, 7],

1

E(t) £ DA

(2.10)

with 0 < 8 < 3/2. As by the energy—dissipation inequality, E(¢) is bounded, we will be able to start
later with 8 = 0. For 8 < 1, we have

t T 2 T t
[ @ ([ 10 ar) oo ([ #orar)ar s [asneeia,
0 0 0 0

This is bounded by (1+#)*~28=1/2 if o — 28 —3/2 > —1, or directly by a constant if o — 2 —3/2 < —1.
For 8 > 1, a similar computation yields directly a bound by a constant (since o < 3/2). To summarize,

assuming (2.10]), we have

[ ([ ol dr)QeXp ([ #erar)ar

SA+0e722 i g<1, a—28-3/2> -1, (2.11)
<1 iff<1, a-28-3/2< -1,
<1 s> 1.

Let us assume as well that on [0, T7,

K N (10 + 1)~
/0 (/RSxRS flv —ul? dvdm) (10+7)%dr < EDER (2.12)

Remark that if (2.12) holds for some «, then it also holds for all @ > «. If 2 — 8 —3/2 > 0, by
Cauchy-Schwarz, there holds

/Oth(T) (/OT (/RSXRS flv u|2dvdx)l/2 dr>2exp (/OTgQ(r) dr> dr
< /Otgf’(T) (/OT (/Rsst f|v—u|2dvdm) (10+r)“dr>
X </OT e Jlr e dr) exp (/OT () dr) dr

t
5/ (14 7)20-8-5/2 47 < (14 £)20-9-3/2,
0
Else, if 2o — 8 — 3/2 < 0, we have a bound by a constant. To summarize, assuming (2.12)) we have

/Ot 9°(7) (/OT (/}RSXRS flv— u|2dvdx)l/2 dr>2exp (/OT 3*(r) dr> dr

S +1)2F3/2 if2a -5 -3/2>0,
<1 if2a—-B-3/2<0.

(2.13)

Now we argue by induction in order to increase the admissible values of 5.



Start with 8 = 0, and take o = 1. The a priori estimates (2.10) and (2.12)) are indeed satisfied since
by the energy—dissipation inequality

t
E(t)+/ (/ f|v—u|2dvdx> dr <1,
0 \JR3xRS

t
/ (/ f|vu|2(10+r)dvdx) dr < (10 + t).
0 \JR3xR?

Using ([2.8) together with (2.9)), (2.11) and (2.13)), we obtain

so that

t
(10 + t)E(t) + / (/ flv —u*dv dx) (104 7)dr <14+ (1 4+ )24 (1 +1)273/2,
0 R3 xR3

so that
1

t
Et—i-i/ </ v—u2dvdm> 10 + 7)dr
O+ g ) (L, o (10+7)

< 1 n 1
~(1+t) (1+t)/2
< L

~ 1+

which means that (2.10]) and (2.12)) are satisfied for 5 =1/2, a = 1.

Now we start again with $; = 1/2 and as > 1 to be fixed later. We obtain (again thanks to ([2.8])

together with (2.9), (2.11)) and (2.13)) that

1 ! ) 1 1
e —ul"dvd 10 *2dr < .
(10 + t)or /0 (/RSXRS f|’l) Ul v l’) (10+7) T (1+1t)e T 1+ t)51+3/2—a2

1
-+t~

E(t) +

As as can be taken arbitrarily close to 1, this yields the decay . For all e < 1, we can thus find

ag > 1 such that, denoting
52 =1- g,

the controls (2.10) and (2.12)) are satisfied for &« = as and 8 = 3. Applying again the same procedure,
we deduce that for all az > as,

1 ¢ ) 1 1
— —wul|*dvd 1 asdr <
* (10 + t)a2 /O </]R3><]R3 f|v U| ! x> ( 0+ T) T (1 + t)as * (1 + t)52+3/2—0¢3 ’

which gives, taking az = ,82+T3/2(1 + ¢€), a decay in m, for fs = 62%3/2(1 —¢), and thus (2.10)
and (2.12) are satisfied for 8 = f3 and a = as.
Remark 2.1. The choice ag = 52%3/2 may look better, but this yields some logarithmic factors in the

estimates; this is why we made this small modification with the factor (1+¢) (which can be anyway taken
arbitrarily close to 1).

E()

This invites to define by induction, given S,, for n > 2,

n+3/2 n+3/2
Oén+1:75 / (1+E) 6n+1:7ﬁ / (1—5)7
2 2
and we get for all n > 2, on [0, T,
E(t) + 1 /t (/ flv u|2dvdx) (10 + 7)%dr < 1 (2.14)
- )% dr . .
(10+t)*m Jo \Jrsxms (1 +t)Pe
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Clearly, (8y)n>2 is an increasing and bounded sequence. Therefore it converges and the limit is given
by

1—
lim ﬂn:§ <.
n—-+oo 21+¢

We deduce that (ay,)n>2 is converging as well, with

lim o, ==
n—-+oo

As e > 0 is arbitrary, from (2.14]) for n large enough, this yields the claimed decay estimate (2.1)).
O

We have actually also obtained in the course of the proof (see (2.14])) the following higher decay
estimate for the fluid-kinetic dissipation.

Lemma 2.3. Under the same assumptions and notations as Theorem[2.1], on [0,T], for all o € (0,3/2)
and all 6 € (0,1),

t
/ </ flv —ul? dv dx) (1+7)dr < o(E(0) + ||u0||il(R3))(1 +1)°. (2.15)
0 \JRrexms

This decay in time is better than expected in the sense that the decay of the energy of Theorem
is not sufficient to yield : loosely speaking there seems to be a gain of 1/7, up to an arbitrarily
small polynomial growth in ¢° in the estimate.

We can also remark that by a small modification of the above proof, we can obtain a similar higher
decay for the fluid dissipation.

Lemma 2.4. Under the same assumptions and notations as Theorem on [0,T], for all « € (0,3/2)
and all 6 € (0,1),

/0 < g IV ul? dx) (1+7)%d7 < @(B(0) + [[uol|?: gy ) (1 + 1)°. (2.16)

Sketch of proof. This follows from a small variant of (2.4)):

t 1 t
E(t)—!—/ §2(7')E(7')d7'—|—7/ </ f|v—u|2dvdx+/ |Vu|2dx) dr
s 2 s R3 xR3 R3
L[, ~2
<E@s)+5 [ g°(7) [ul” dédT.
2 Js I€1<g(r)

2
7 +((§()]' Then the remaining of the proof is the same.

(2.17)

where g2(7) :== 1

Lemmas [2.3] and 2.4] inspire two ideas that will serve as guiding lines for the upcoming analysis:

e The derivatives in space of the solution to the Navier-Stokes equation with the Brinkman force
should decay faster than the solution itself, as it should be for parabolic equations.

o How come the fluid-kinetic dissipation seems to decay faster than the energy? This will lead to the
key identities of the upcoming Lemma [4.2]

Note however that due to the arbitrarily small polynomial growth in the estimates, we will not be
able to directly use Lemmas 2.3 and [2.4] in the following.
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3 Preliminaries for the bootstrap

We shall prove by a bootstrap argument that there is Cy > 0 such that

211ILo0 (0,4-00;L (r3)) < Co.

Then Theorem applies for T = +oo and implies Theorem As the early stages of the analysis
are very similar to the torus case, the content of this section is mainly taken directly from [20]. Let us
start by defining the characteristics curves associated to the Vlasov equation , that are the solutions
(X, V) to the system

X(sit,,0) = V(s;t,2,0), 51)
V(s;t,x,v) = u(s,X(s;t,z,v)) — V(s;t,2,0), '
with (X(¢; ¢, 2,v), V(t;t,2,v)) = (x,v). This system can be solved using the DiPerna-Lions theory [13],
exactly as in [20]. Eventually we will see that u € L*(0, 4-00; W*(R?)), so that the classical Cauchy-
Lipschitz theory actually applies.
By the method of characteristics, we can write solutions to the Vlasov equation as

flt,x,v) = egtfg(X(O;t,x,v),V(O; t,x,v)). (3.2)
We deduce that
pr(t,x) = e3t fo(t, X(0;t,z,v), V(0;¢,z,v)) dv, (3.3)
R3
Jjr(t,x) = e3t/ v fo(t,X(0;¢, z,v), V(0; ¢, z,v)) dv. (3.4)
R3

3.1 Change of variables in velocity and bounds on moments

The first reduction in the analysis consists in relying on a change of variables in velocity (inspired by [3])
which directly allows to get global bounds on moments; however, such a procedure requires a control of
[ Vu(s)[|L1 (0,4+00;1. (3)), in the sense that this quantity has to be small enough. Such a control will be
the main goal of the upcoming analysis.

The precise statement is provided in the following lemma, whose proof can be found in [20, Lemma
4.4].

Lemma 3.1. There exists dg € (0,1] such that the following holds. For any t > 0 satisfying

t
[ 190w s < 6o (3.5)
0
and any x € R3, the map
iy v V(0;t,z,0),
is a €' -diffeomorphism from R3 to itself satisfying furthermore
3t

Vo € R |detD, Ty . (v)| > - (3.6)

As a consequence, we deduce
Lemma 3.2. If Assumption (3.5)) of Lemma is satisfied, we have

lpllLoe 0,6:100 (m2)) < 2|\ follLr msiLee r3)), (3.7)

Note that the estimate (3.7)) does not depend on the time parameter ¢, which in particular paves the
way for a global application of Theorem [2:1]

Proof. By (3.3), the change of variables v — I's ,(v) and (3.6)), we have for almost all s € [0, ]

Ips(s,2)] <2 / Fo(X(0: 5, 2,75} (w), w) dw
RS

< 2|/ follL1 (m3;Lee 3)) s
which entails (3.7)). O
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3.2 Higher order energy estimates and strong existence times

As we need to propagate regularity for the fluid velocity, we shall need higher (i.e. Hl) energy estimates
for the Navier-Stokes equations. The following proposition can be found in [20, Proposition 5.3].

Proposition 3.3. There exists a universal constant C, > 0 such that the following holds. Assume that
for some T > 0 there holds

T
00y + e [ g = oy s < - (38)
Then one has for all 0 <t < T the estimate
t
IV oy + [ 189 o) ds < (BO) + ol + 50 gD iss). (39)

for some nondecreasing function 1.
Note first that choosing ¥ appropriately, by (1.17)) and an interpolation argument, we can ensure

1

507 (3.10)

Hu0||H1/2(R3) <
In order to use the regularization offered by Proposition [3.3] we will need to ensure that the smallness
condition (3.8) is satisfied for all times. As in [20], it is convenient to introduce the following terminology.

Definition 3.1 (Strong existence times). A real number T > 0 will be said to be a strong existence time

whenever (3.8) holds.

3.3 Local in time estimates

Using rough estimates, it is possible to obtain local in time estimates for moments and the velocity field.
This is the purpose of this subsection. We introduce another useful notation from [20].

Notation 3.1. The inequality A <o B means
A <9 (Juollz + Mafo + No(fo) + E(0) +1) B,

for a function v : Ry — Ry is onto, continuous and nondecreasing (and may change from one line to
another), where we recall Z = L*(R®) NHY(R*) N By, (R3), ¢ > p+3 and a > 3 are the exponents given
in the statement of Theorem[1.1]

Proposition 3.4. We have u € L, (R;L®(R?)) and py,j; € Lo (R4 ; L= (R?)). Moreover there exists
a continuous nondecreasing function n: Ry — Ry such that

llullLr 0,610 (r3)) So n(t), (3.11)
HPf||L°°(o,t;L1mL°°(R3)) + ”jf||L°°(0,t;L3/20L°°(R3)) So U(t)~ (3-12)

Finally, for all strong existence times t > 0,
Vu € L0, L°(R?)). (3.13)

We refer to the proofs of [20, Lemma 4.3, Proposition 5.1 and Corollary 6.4]E|, which although written
for the torus case, apply mutatis mutandis to the whole space case.

Note that even if we were able to ensure that all ¢ are strong existence times, Proposition [3.4] would
not yet be sufficient to obtain , as the estimates, in particular , are not uniform with respect
to t, and thus certainly do not imply the required smallness condition of .

Proposition [3.4] yields

3We take the opportunity to complete two arguments in [20]:

¢ In the proof of [20] Proposition 5.1], the treatment of the convection term —u - Vg u is missing: to this purpose [10}
Lemme 3.2] can be applied.

¢ In the proof of |20, Corollary 6.4], the final argument to reach the Lipschitz regularity is missing: one must perform
the same analysis as in the proof of [20, Lemma 7.3] but without requiring uniform in time estimates.

We thank Lucas Ertzbischoff for pointing out these inaccuracies.
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Lemma 3.5. Forall T > 0,
T
s = oyl < o (3.14)

Furthermore, the smallness condition of Theorem [1.1] ensures that T = 1 is a strong existence time in

the sense of Definition[3.]]
Proof. Let T > 0. Note that by the Sobolev embedding and the Holder inequality, for all s € [0,T],
1Gr = pr) (12 gy S NGr = pru)(S)lIEs 2 gy
S D(s)||prL3(R3)a

where D is the dissipation introduced in (1.5)). Using the energy—dissipation inequality and (3.12)), that
yields
[s(,)u%)] ||prL3(R3) <o U(T)2/3 < o0,

we obtain .
/0 iy — Pfu”?{—l/z(Rg) dt < 400,

which concludes the proof of the first part of the lemma.
Similarly, for T'= 1, we have

1 1
1
s 2 2/3 -
s = oyt om0 [ D) a1 50 EO) < o

by (L.17)), choosing ¥ appropriately. Recalling (3.10)), this yields that 7' =1 is a strong existence time.
O

We are finally in position to set up the bootstrap argument. To this end, introduce
t
t* :=sup {strong existence times ¢ such that / [Vu(s)||Loe sy ds < (50} . (3.15)
0

By Lemma and (3.13)), we must have t* > 0. The goal is to prove that t* = 400, which will allow,
applying Lemma, [3.1] and Theorem to conclude the proof of Theorem
By contradiction, we shall assume from now on that t* < +oo.

4 Higher decay of higher dissipation

We fix T € (0,t*). In particular, by definition of t*, we note that the characteristics (3.1]) are classically
defined.

We shall study in the section what we call the higher fluid-kinetic dissipation.

Definition 4.1. Let p > 2. The higher fluid-kinetic dissipation (of order p) is the functional
D,(t) := / ft,z,0)|v — u(t, z)|P dvda. (4.1)
R3 xR3

(Note that p = 2 corresponds to the usual fluid-kinetic dissipation term in D, see ([1.5)).)
This quantity is useful to estimate the Brinkman force because of the following elementary estimate.

Lemma 4.1. Letp > 2. On [0,T],

p—1
H(]f - Pfu)(t)”LP(RB) < ||pfHLSC(O,T;LOO(W))D;/p(t)' (4~2)
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Proof. By the Holder inequality, we have

. -1
llir = pquIL)‘P(]lw) < ||pf||£w(o7T;Lw(R3)) (/ flo =l dv dx) )
R3 xR3

and the lemma follows. O

Remark 4.1. On the torus [20], it turns out to be sufficient to use the rough bound

1Gr = prw)@®)lle < [l7r @) l[Le + loru@)Le.

In the whole space case, this is not sufficient to close the analysis, which explains why we need a finer
understanding of the Brinkman force.

Higher decay of the higher dissipation D, comes from the following key identity. We will (towards
the end of the bootstrap analysis) obtain that D, for p > 2 enjoys a somewhat better decay than that
of Dy in Lemma [2.3

Lemma 4.2. Let p € €1([0,+00)). For allp > 2, all vy € R, and all t > 0,

1

/ Dy (s)pls) ds = -/ Dy ()¢ () s

- / / ' f(s,z,v) [0su + (Vau)v] - [v —u(s, z)]|jv — u(s,x)\pfch(s) dvdzds
0 JR3xR3

- [cp(s) / f(s,z,0) v —u(s,z)P dvdx
R3xR3

p 0
(4.3)
Proof. Write by the method of characteristics and a change of variables
Dy(s) = [ flsao)lo = ulsa)P dvds
R3xR3
= e’ / fo(X(0; s, 2,v),V(0; s, z,v)) v — u(s,x)|P dvdz
R3 xR3
= / fo(z,v) [V(s;0,2,v) — u(s,X(s;0,z,v))|" dvdz.
R3xR3
Remark then that
d
$|V(s; 0,z,v) —u(s, X(s;0,z,v))|P
d
= pg[V(s;O,x, v) —u(s,X(s;0,z,v))] - [V(s;0,2,v) — u(s, X(s;0,z,v))]
x |V(s;0,2,v) — u(s,X(s;0,2,v))P~2
d
=p |u(s,X(s;0,2,v)) — V(s;0,z,v) — g(u(s,X(s, 0,2,v)))
: [V(‘S? Oa z, 1}) - ’LL(S, X(57 07 z, ’U))] |V(S) 07 xZ, ’U) - ’U,(S, X(Sa 07 x, U))‘P*Z'
Consequently, we have
, 1d
[V(s;0,2,v) — u(s,X(s;0,z,v))|" = _§£|V<s; 0,2,v) —u(s, X(s;0,z,v))P
d
- &(U;(S, X(Sv Ov x, U))) : [V(Sv 0; z, U) - U,(S, X(37 Oa Z, U))]
X [V(5;0,2,0) — u(s, X(s; 0,2, v)) [P~
We deduce the claimed identity by integration by parts in time. O
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In the following, we will apply this lemma for ¢(s) = (1 + s)?7, which leads to
t
/ D,(s)(1+ s)P7ds
0

=~ [ Dy(s)(1+ s)P7 1 ds

/Ot (4.4)

- / / f(s,2,0) [0su + (Vou)v] - [v —u(s, )] |v — u(s, z)[P~2(1 + s)P? dvda ds
0 JR3xR3

t

/ f(s,z,v)|v —u(s,z)|P dvda
R3 xR3 0

Let us comment on the key identity (4.4]): it shows that the higher dissipation integrated against a
polynomial weight in time can be decomposed as a sum of:

e a term of the same form involving a lower order weight in time;

o a second term involving dsu and V u that will be somehow absorbed (see Lemma below);
e a non-negative term and a last one independent of time involving only the initial data.

Let us right away proceed with the estimate the second term of the right-hand side of .

Lemma 4.3. Forallp>2, ally € R, and allt > 0,

/t/ f(s,2,0)05u - [v—u(s,2)]|v — u(s,z)[P~2(1 + s)P? dvda ds
0 JR3xR3

p—1

t 3
1
S o2 gm0+ 8 Dethoosasien ([ Doto)a-+apas) ”

/ / f(s,2,0)(Vau)v - [v—u(s, )]|v — u(s,z)[P"2(1 + 5)P? dvde ds
0 JR3xR3

—1

t 5
S+ ) Vaul(mp )|l o 410 @) (/ Dp(s)(1 + 5)"7 ds) ’
0

where we recall the notation

myf(s,z) = /RS f(s,z,v)|v|P do.

Proof. This is a consequence of the Holder inequality; details are omitted.

O
We deduce
Corollary 4.4. For allp > 2, ally € R, allk €N, and all t > 0,
¢ t
/O Dp(s)(1+s)P7ds < /O D,(s)(1 + 8)p'y—lc ds
loslls e @ap i+ )0l 0 o e (4.5)

L+ ) [Vaul ()P [Fa 0 1.0 rsy)

+/ folv = uplP dv dz.
R3 xR3
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Proof. This follows from a combination of the last two lemmas. We argue by induction. For & = 0, the
estimate (4.5) is tautological. Assume (4.5)) holds for some k € N. By Lemma we have the identity

t
/ D, (s)(1+ 5P " ds
0
t
0

- / / f(s,2,0) [0su + (Veu)v] - [v—u(s, z)]jv — u(s,z)|P2(1 + s)PF dvdrds
0 JR3xR3
. [ﬂ )k t

/ fls,z,v)|v — u(s, )P dv dx}
p R3 xR3

0

Applying Lemma we deduce the bound

t t
/ D,(s)(1+ s)mfk ds < / D,(s)(1 + S)p'yf(k+1) ds
0 0

p—1

t P
1 _
I el 1+ 91 Outlursrceny ([ Do)+ as)

t P
+ 1L+ 8) Vot (. f) P o 0,0 5 (/ Dp(s) (L + )P ds)
0
+/ folv —upl? dvdz.
R3 xR3

By Young’s inequality, we end up with

t t
/ D, (s)(1+s)P7*ds < / D,(s)(1 4 s)P7~k+1) 45
0 0
+llp#lluoe 0.6 o)) | (1 + 8)7Ostl[To g pipo (moy)

I+ ) IV al (1 1) P12 g oy + / Jolv = uol? dvd,

yielding (4.5)) at rank k& + 1. We can therefore conclude by induction. O

5 The bootstrap argument

5.1 Preliminaries

We shall rely on maximal parabolic regularity to get weighted in time estimates for d;u and Au. Maximal
regularity for the Stokes equation reads as follows (see e.g. [20] that concerns the heat equation, but
applies to Stokes after application of the Leray projection):

Theorem 5.1. Let Uy € .7/(R3) with divUqg = 0. Let U solve the Stokes equation with a source S and
initial condition Ug:
U —-AU+Vp=S5,

divU =0,
Uli—o = Uo.
For all p,q € (1,+00), there holds
10:UllLr (0,+00sLe(®2)) + |AU[Lr (0,400sLa(®3)) S 1]l (0,400iLa(®e)) + Vol g2z msy (5.1)
with
J (5.2)
v = :
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We start with the following rough preliminary result. We recall that the definition of the symbol <
is given in Notation this will be used at multiple times in this section.

Lemma 5.2. There is pg > 3 such that for p € (3,po], for all T € [0,t*),
||8tu||Lp(07T;Lp(R3)) + HAU”LP(O,T;LP(Rfi)) < +o0.

Proof. According to [20, Proof of Lemma 6.2], we have the interpolation inequality

1
| - vzu||L“(0,T;Lb(R3)) ~ ||UHL°°(0 T;L6 R3))||v U||Lr1 (0,T;L"2 (R3)) Ve UHLooﬁo ; L2(R3))

for a,b,r1,7r2 € (1,400) satisfying r1 < a, 2 < b < rq,

1 1 ].7‘1 1 T1
£ 71_7>.
b 6+7'2a+2( a

By Proposition Lemma [3.2] and Sobolev’s embedding, we have
[l 0,758 ®2)) + [ Vatillnoe o,mr2 me)) < z/J(E((D + [luollm rs) + ||f0||L;(R3;L;°(R3)))
and we therefore obtain
- Vaull e o,mne esy) So | Vatllf oz oy (5.3)

We consequently first get, choosing r; = 2,75 = 6 (applying and the Sobolev embedding H*(R?) C
WHO(R?)),

lu- Vaullrz 0,8 ®s)) So 1.
In the following of the proof, n will stand for a nondecreasing function that may change from one line to
another. By Proposition we get

177 = prullLzo,r.e sy So n(T).

Thanks to Theorem we deduce that
[0eullr2 0,718 me)) + [AullLz0,rm8 o)) S llu - Vaullizo,rms ey + lif = prullie o, s ey + luoll sy, @)

< +o00.
By Sobolev’s embedding, we infer that for all g € [2, 4+00),

IVullLz(0,7;m (ms)) < +o0.
By (5.3)) for 71 = 2 and 75 large enough, the consequence is that there is r > 5/2 such that

u- VaulLr 0.z ms)) < +o0.

Since we also have
s — prulliro,rLe sy So n(T),
we obtain, applying again Theorem that

10cullLr(0,75e8ray) + 1AullLr o, L2 ®e)) S 1w Veulluro,riesmsy) + 157 — prulliro,rLe@s)) + lluol Bj" (R3)

< +00,
with s, =2 — % By Sobolev’s embedding, this yields for all g € [2,4+00)

||VUHLT(0,T;Lq(RS)) < +0oo
and then using again (5.3)), there is pg > 3 such that, for all p € (3, po],

||u . qu||LP(O,T;LP(R3)) < +0o0
and we apply the same strategy one last time, which yields
[0ullLe 0,5 (r2)) + [|AU[ILe (0,710 (R2)) < +00,
hence the result.
O
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The general principle to get weighted in time estimates for the fluid velocity field u will be to write
that given some power r > 0, defining

U(t,z) := (1 +t)"u(t, ),
U satisfies the Stokes equation

U = AU+ Vp = (1+8) (s — pyu) = (1 +)"u- Vou+r(1+4) ',
divU =0, (5.4)
U|t:0 = Uo-

Recall that we have fixed T € (0,t*). In the following, we shall intensively apply the decay es-
timates of Section They involve functions ¢ (applied to E(0) + [luol[r,1gs)) which, according to
Theorem depend only on [|py||re(0,7;L5 (rs)). Thanks to Lemma they therefore only depend on
| follLt (ms;Leo (m3))-

5.2 Estimates for the higher dissipation

The goal of this subsection is to provide estimates of some of the terms appearing in Corollary [£.4] Let
us start with an inequality concerning the moment M, f (recall Definition [1.4]).

Lemma 5.3. For all p > 2 such that M, fy < +oo, for all v > 0, there is k € N large enough, so that
T
/ M, f(s)(1+ 8P "Fds <o 1. (5.5)
0
Proof. By the method of characteristics, we write
myf(ta) = [ Fltz ool do
R3
=3t Fo(X(0;t,x,v), V(0;t, 2,v))|v|” dv
R3
By Lemma we can use the change of variables w := V(0;t,z,v)(= 't »(v)), that yields
Impf(t, )] S /RS Jo(X(0;t,2, Ty 5 (w)), w) | 4 (w) P dw. (5.6)
By (3.1) we infer
t
Tt < el [ e u(nX (e T )] o
0
As can be checked with a small variant of [20, Lemma 4.4], for dy small enough, the map z —

X(O;t,x,I’;; (w)) is a €* diffeomorphism from R? to R?® with Jacobian bounded below by 1/2. On
[0, T, by Proposition [3.3] and Sobolev’s embedding, there holds

t
/ €T_tHu||Loc(R3)dT S 1.
0
Consequently on [0,7),
[Mypf(£)] So 1,
and we can take k large enough to ensure integrability in time in ({5.5)).

We deduce the following lemma.

Lemma 5.4. For all p > 2 such that M, fo < +oo, for all v > 0, there is k € N large enough, so that
for allt €10,T),

t
[ Du 1+ 577 s S0 1+ 10417 Bl e (5.7)
0

for By =

3p
Tp—6"
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Proof. We use the rough bound
t t
/ Dy (s)(L+ )" ds S / (/ f(s,2,0)[v|P dv da:) (1+ s)P7 % ds
0 0 R3 xR3

t
[ ([ pstsotulrac) @ spas
0 R3
t t
5/ Mpf(s)(1+s)p7_kds+/ [ull} oo gy (1 + )77 " ds.
0 0

The first term above is treated with Lemma [5.3] For the second one, we rely on an interpolation
procedure. By the Gagliardo-Nirenberg inequality, we have

[ullee sy S 1Az UHLP(R3)HUHL2(R3)7

1 - B 3p
0=0 - — = = .
+(p ) 2 -6

with

We may therefore use the Holder inequality to get

t t
/0 ellf o sy (14 )77 ds So / 1A ull73 s, (14 5)P7 7 ds

< p(1=B1)y—k ¥ B1p
So (1 +5) Iy o 11 S gy
and take k large enough to ensure uniform integrability in time, so that we get the claimed bound.
O
Let us now focus on p = 2.
Lemma 5.5. For all v € (0,3/4), for allt € [0,T), there holds
1
I @)llee ) So gy (14 10+ 8 Bl gy ) (5.8)
Proof. Let v € (0,3/4). By the Gagliardo-Nirenberg inequality,
3/4 1/4
o g9y S [1AUll g 5 gs)-
From Theorem [2.I we know that
11+ ) ull oo (0,712 (r3)) So 1,
and therefore
”(1 + )’YUHLSB(O T;L>°(R3)) NO ||(1 + t)’yAuHLZ 0,T;L2(R3))" (59)

Recall that the estimate for p = 2 reads as
maf() S [ folX(0st 0, T2 ) 0Tyl du
and that we have
ol < el + [ @ full oy dr

By the Holder inequality, we have

t t gB(r—1) 5/8
T—1 -~ < o ol -
A AL I (C

1
oy I ) Aulthlo oy
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Consequently,

1 3/2
Ima f(t,z)| So m (1 +[I(1+ S)'VA’UJHL/z(O’T;Lz(Rs))) )
hence proving (5.21)).
O
Lemma 5.6. For all v € (0,3/4), there holds
11+ 071 90ul(mz )2z o e oy So 1+ 1L+ 07 Dpull 240y s o (5.10)

Proof. By Lemma we have
(1 + t)27|||v u|(m2f)1/2HL2 R3) NO ||v u||L2(R3 (1 + ”(1 + f)’YAu||L2 0,T; LZ(RJ)))

By the energy-dissipation inequality, ||Viullr2(,7r12rs)) So 1 and the conclusion thus follows after
integrating with respect to time. O

5.3 Weighted L? maximal parabolic regularity estimates using higher decay
of higher dissipation

We now in position to establish weighted L? maximal parabolic regularity estimates. We start with the
following interpolation result in order to control the convection term in the Navier-Stokes equation.

Lemma 5.7. For allt € [0,T), we have
lu- Vou(t)|rz@s) So E(0)1/4||Aru(t)“L2(R3)- (5.11)
Consequently, for all v >0,
(1 + ) w - Vaull L2072 @y So BO)Y (1 +6)7 AgullL2 0,712 o)) - (5.12)
Proof. By the Holder inequality, we have
lu- Veullzmsy < lulle@s)l| VaullLs gs)- (5.13)

By the Gagliardo-Nirenberg inequality, there are 1 > a3 > g > 0 such that

IVaullioms) < I180ul g ulizgs), Tl S 180ulEe ulizes, (.14
with
1 1 1 2 1—aq
= J—— =3/4
3 3+(2 3)a1+ 5 — a1 = 3/4,
1 1 2 1—as
__(z_z =1/2.
5 (2 3) az + —5— = /
Therefore, we have a; + as > 1. We then write
1-—ag 1— al
llullue mey = [lull 6 IIUHLe R3) -

Recall that by Proposition and Lemma 3.2} [|ul|r,o 0,716 (rs)) So 1, we have by (5.14) the bound
1—ag
||UHL6(R3) <o ||UHL§(2R3)
(—o1)(1-a3)

NO ||A U’HL2 RS)HuHm(R;;Q

We finally get by (5.13)), (5.14) and the fact that ||u(t )||L2(R3) < 2E(0),

1—a)

- Vaulla sy So | Awtlluees)lul 2gs,
<o E(O)H||Amu||L2(R3)

for p := 12 2L = 1/4, and the proof of (5.24]) is complete. O
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Lemma 5.8. For all v € (0,3/4), we have the estimate
(L + )7 0pullL2(0, 712 (re)) + (14 8)7 Aullrzo,7;L2Re)) So 1. (5.15)
Proof. Let v € (0,3/4). First, by Theorem [2.1] we have for all ¢ € [0, 77,

P(B0) + luol2. gy
(1+1) ’

L+ ) u(t)r2@s) S (5.16)

which is clearly uniformly (i.e. independently of T') bounded in L*(0,T). Next, thanks to Lemma

(1 + 1) w - VaulL2o.ri2 sy So BO)Y (1 + )7 Agull L0712 w2)) - (5.17)
In order to estimate the contribution of the Brinkman force, we need to use the higher decay of Do,
thanks to Lemma [4.1] and Corollary [£.4] with p = 2. We first obtain by Corollary [4.4] that

T
[(L+8) (i — pfu)H?ﬁ(O,T;L?(]R?’)) S Ioglles 0,715 (r2)) /o Da(t)(1 +)*7dt

T
S ol 0,7 (m3)) (/ Do(s)(1+ 5)27_k ds
0
+ o7 llLo 0,750 @y 1(1 + )7 0wl 0 12 s

10+ 9ol ) R e + |

R3 xR3

folv — uol? dvdm).

Using Lemmas and recalling the meaning of <y in Notation we therefore get the estimate
1L+ (s = prw)lEeo,rre®s)
S U (JJuollz + Ma fo + Ny(fo) + E(0) + 1) (1 +[I(1+ t)yAwuHi/zQ(o,T;LQ(Rs))) (5.18)
+ ||Pf\\iw(o,T;Lw(R3)) 11+ t)vatu”i%(),T;L?(W))'

Recall that by Lemma we have |[pgllrec(0,6:L2®3)) S [l follLL ®s;ee r3))-
We now set U = (1 +¢)"u, so that U solves (5.4) with » = 7. By the maximal parabolic regularity

result for p = ¢ = 2 of Theorem [5.1} we deduce

19:UllL2 0,712 m3)) + 1AUlIL2 0,702 @®s)) S 1Sz 0,min2®sy) + lwolla rs),

with S = (1+)7(jy — pyu) — (1 +t)7u- Vou + (1 + ¢)7*u. Using (5.16), and (5.18), Young’s
inequality and 9;U = (1 + ¢)79yu + v(1 + t)7~1u, we obtain

11+ )" 0wullLz(0,m,L2re)) + |(1 4 8)" AullLzo,7;L2R))

< ¥ ([luollz + Mafo + No(fo) +E(0) +1)
1
2

+ 19 (luoll z + Mafo + Ng(fo) + E(0) + 1) E(0)* + C| folls (s ;20 (mey) +

X (”(1 + )70l 20,72 @sy) + (1 + t)’YAu||L2(0,T;L2(R3))>-

We may choose ¥ and 4 in the assumptions of Theoremsuch that by (1.17), E(0) and || follL1 s L2 (r3))
are small enough so that

1 2
[1/1 (lluollz + Mo fo + No(fo) +E(0) + 1)E(0)1/4 + Cll follLy 8L m3)) + 5 < 3

We can thus absorb all terms of the right-hand side involving |[(1 + t)Y0sull2(0,r;r2rsy) and [[(1 +
)Y Aullr2(0,7;12(rs)) by the left-hand side.
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We deduce

11+ 2)7Opullrz (0,72 ey + [1(1 4 8)7 Aull2o,r,12(R2)) So 1, (5.19)
which concludes the proof of the lemma.
O
As a consequence of Lemma we obtain the following improved control on ||u||g,ec(gs):
Corollary 5.9. For all v € (0,3/4), there holds
(L + &) ulls/s 0,71 (m3)) So 1. (5.20)
Proof. This is a straightforward consequence of .
O

A first application of Corollary is a pointwise in time control of the L>(R?) norm of the moment
m,, f, which improves as p increases.

Lemma 5.10. Let p > 2 such that ||my, fo L~ ®s)y < +o00. For all v € (0,3/4), for allt € [0,T), there
holds

1
([ f ()L (r2) So ( (5.21)

14+t)e”

Proof. The proof is almost identical to that of Lemma except that we now have (5.20)), and is
therefore omitted. ]

We deduce the following variant of Lemma [5.6] for larger values of p.

Lemma 5.11. Let p > 2 such that [|my, fo|lp,ers) < +00. For all v € (0, 27 f) there holds

12+ )1Vl (mp )2l oo zim sy So 0L+ 1) Bgtll o e (5.22)
for B2 = 22—
Proof. Let v € (0,3/4). By Lemma [5.10} we have
(L P V0l )7 sy S0 (14 07TVl
By the Gagliardo-Nirenberg inequality, we can write that
IVaullines) S 180wl g lull 2,

1 1 /1 2 1— B, 5p—6
_ = — —_— = = .
» 3+<p 3)»32+ 5 > P2 -

As a result, by Theorem we obtain

with

L+ P NIV oul (mp )P T gy So (14 6)POEEDFET2DIN 4 47| Ay o sy P27
Applying the Holder inequality, we get

I+ t)”IVxU\(mpf)l/pll’ﬁp(o T ()
<o ll(1 + t)p(w(l

B2
72 (0, T)H(1 + 1) Al Tolo rie o))

In order to ensure integrability in time, we thus need to enforce that

27 13
Sl=vy< — ,

p(3e- 0 -a0-8) 125 <E-2

and we obtain the claimed admissible interval for ~. O
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5.4 LP bounds on the source term

In view of a subsequent application of Theorem let us first prove some bounds in L? for p > 3 on
the terms (1 +¢)Yu - Vyu + v(1 4 ¢)71u in the source term of the Stokes equation.

Lemma 5.12. Let p € (3,14/3). For all vy € ( 53— é), we have
1L+ )" Ml o, sy So 1 (5.23)

Proof. By interpolation, we write
Hu||LP(R3) ~ Hu||L2(]R3)Hu||Loc (R3)"
so that by Theorem [2.1] for all v > 0,
< ¢(E(0) + HUOH%l(RS))
(1+1)3
C1)_p3- a-
S @(E(0) + [[uollf 1 gay) (1 + )P0V 7P (1 4+ 6)% [Juuf| oo (o],

(L + )P0 lullf s

1+t )pw 2 ||U||Loo(]Rs)

where 2 stands for some a € (0,3/4) arbitrarily close to 3/4. By the Holder inequality, we deduce that

”(1 + t)’y 1u||Lp 0,T;LP(R3))

—1)—p3~ 3
< @(B(0) + [[uollfs ) I+ PO DY e 0Tl g g e e

_1)—p3—
So (L + )P0~ D7Pa HLﬁ(oT)’

where we have applied Corollary in the last line. In order to ensure time integrability (and thus a
uniform bound independent of T'), we therefore require that

§—( -1) L>1<:> < == —
AV 14— 3p TSR Ty

which concludes the proof.

We finally have the analog of Lemma for p larger than and close to 3.

Lemma 5.13. There is pg > 3 such that, for all p € (3, po], the following holds. There exists p > 0 such
that, for allt € [0,T), we have

[u - Vou(t)llLr@s) So E(0)"[[Agu(t)||Lr @s)- (5.24)
Consequently, for all v > 0,
(1 +2)"u - VaullLeo,rme sy So EO)*[(1+ 1) AzullLe o, 75me (r3))- (5.25)
Proof. The beginning of the proof is the same as for Lemma [5.7} By the Hélder inequality, we have

lu- Veulle®sy < [Julliems) | VeullLegs)-

with % = é + %. By the Gagliardo-Nirenberg inequality, there are 1 > a1 > ag > 0 such that
1
IVaulluees) S IAculltngs)lulizgs,  lullis@s) S [1Acullts g lull =),
with

L_1, (1 2 Ll 1 L2y, o l-a
-=- -—=- ] —=|-—=z ]« .
g 3 \p 3)7! 2 6 \p 3/)°° 2

We can check that when p is close to 3, ¢ is close to 6 while a; and 5 are close to 4/5 and 2/5. Therefore,
we must have oy + as > 1 when taking py close enough to 3. The conclusion of the proof is finally the

same as for Lemma [5.7 and is thus omitted.
O
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5.5 Weighted maximal parabolic regularity for p > 3 using higher decay of
higher dissipation

We now turn to the key last estimates of the proof. Namely, we apply maximal regularity in L for some
p > 3 after relying on the higher decay of higher dissipation provided by Lemma [4:2] and Corollary [4:4]
The preceding estimates are used in order to estimate

S=(1+1)7(s —pru) = (L+1)u- Vou+y(1+1)77
for a sufficiently large value of v > 0, in L? for some p > 3. This is the purpose of the next lemma.

Lemma 5.14. There is pg > 3 such that, for all p € (3, po], the following holds. For all~y € ( = — é)

we have

1S1lLe 0,751 (rS))
S ol rssnee ey [[(1 4 8)7OsullLe 0,600 m3)) + % (wollz + Mafo + Ny(fo) +E(0) + 1)

(1 +[1(1+ t)'yAuHLP(O T;LP (R?)) +[[(1 + t)’YAuHLP(O T;LP(R3)) +E0)"I(1 + t)’YAuHLP(O,T;L”(RS))) )
(5.26)

where f1 € (0,1) (resp. B2 € (0,1)) appears in Lemma (resp. Lemma and p > 0 appears in
Lemma [5.13.

Proof. For v < & 471) the contribution of the terms (1+¢)?"!u and (1 +1t)7u- V,u are treated thanks
to Lemma and Lemma [B.T3) which yields

1+ 6)" ullw o, riwe o)) + (L +8)7u - Vaulluwo,ziwe ) So 1+ EO0)[I(1+ )Y AgullLo omi0r 2))

with 4 > 0. The contribution of the Brinkman force requires the use of the higher decay of higher
dissipation as provided by Lemma [4.1] and Lemma [4.2] By Corollary [£.4] we first bound

T
||(1 +t) (Jf — Pfu HLP(OTLP(]RS)) ~ prHLoo 0TL°°(R3))/O Dp(t)(l +t)m’ dt

T
1 _
< prHioom,T;LOO(R%) </0 Dp(5>(1 + 5)p’y kds
+ sl o,6m0 @) 11+ 1) 0culIT o (0 1o mo))

1+ 8) Vaul (1m0 )P N2 0 i ) +/R Jolo = ol dv dx)'

3« R3

Recall that by Lemma(3.2) we have |[pf[|L (0L (r3)) < I follL: (r3;1o0 (rs))- By Lemmaf5.4{and Lemmal5.11]
we infer that for v < - — 7) and k large enough,

1L +8)7Cr = prllTe o e @s)

S ”fOHLl(RS L2°(R3)) [[(1+5)70s U”Lp 0,T;LP (R3))

0 (a2 + Mo fo + No(fo) + E(0) + 1) |1+ 1L+ ) AullZ38 11 gsyy + I+ 07 BalZ28 1o |

with 81,82 € (0,1). This concludes the proof of the lemma. O

We are finally in position to apply Theorem [5.1] for some p = ¢ > 3.

Lemma 5.15. There is pg > 3 such that, for all p € (3, po), the following holds. For all~y € (O, % — é)

we have
(1 + t)"*c’)tu||Lp(07T;Lp(R3)) + (1 + t)’yAu”Lp(o’T;Lp(RB)) <o 1. (5.27)
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Proof. We apply Theorem together with Lemma and the Young inequality, which yields
H(l + t)‘*@tu||Lp(0,T;Lp(R3)) + ||<1 + t)fYAUHLP(O’T;Lp(RS))
< ¥ (lluollz + Mafo + No(fo) + E(0) +1)

1
Y ([[uollz + Mo fo + Ny(fo) + E(0) + 1) E(0)* + Cl| fol| L1 (r3 ;Lo (m3)) + B

X <||(1 + )7 0su| e (0,70 (r3Y) + [I(1 + t)vAule(O,T;LP(R3))>~

We may choose ¥ and § in the assumptions of Theorem such that by (1.17), both E(0) and
| follLt (ms;12 (r3)) are small enough so that

2

[1/1 (lluollz + Mo fo + No(fo) +E(0) + 1) E(0)* + Cl| follL1 (s ;Lo (m3)) T3 . <3

We can thus absorb all terms of the right-hand side involving [|(1 + )Y 0sul|Le 0, 7;Le(rs)) and (1 +
)7 Au||yr 0,717 r3)) Dy the left-hand side. The proof of the lemma is eventually complete. O

As we can take v > 1/p/, arguing again by interpolation, we obtain the desired estimate for
[VaullLee ®s)-

Corollary 5.16. There exists v > 0 such that
T
/ V][ ey ds <o E(0).
0
Proof. By the Gagliardo-Nirenberg inequality, for p > 3,
IVulle ) S 180l 2k,

_ L (1.2 1-5 op
0= +(p >5+ 5 @6_7;076'

We choose p as in the statement of Lemma Note that for p close to 3, 8 is close to 1. By the Holder
inequality, we thus obtain

with

T T
| IVl ds S [ 18 e el 05
’ B
S [ 18U ol ey 0

T
5/ [+ )| Aulluages)]” (L + )77l 5, ds
0

p—_

T P
=
< ( | a0l ‘*d) 1L+ 0 Bl ey

As we can choose p as close to 3 as necessary (by choosmg po appropriately in the assumptions of

Theorem [1.1]) and take v close to & — = thanks to Lemma we can ensure
Bp
y—— > 1
p—~
and we may finally combine it with the energy bound ||ul|f. ®) S < E(0) to get the claimed result, with
. 1-8
V= 5 -

O
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5.6 End of the bootstrap

We are in position to conclude.

Lemma 5.17. We have

o
/0 ||Jf - Pf“”2 *1/2(11@) de < ||fOHL1 (R3; LW(RS))E(0)~ (5-28)
Proof. By the Sobolev embedding and the Holder inequality,

1 = prull-ss2 oy S s = prullfosa s
< D2||prL3(R3)~
Using the energy—dissipation inequality and the fact that by Lemma
1/3 2/3
EgmmmmasﬁﬂWNﬁwmwm@mswmmRuwmw
it t*
we finally obtain
t* 1
H]f - pf“” ~1/2p3 dt S ”fO”Ll (R3;L° (R3 ( )dt N ”fOHLl (R3;L,2° (R3 E(O),
0 (R3) (R3)) (R%))
concluding the proof of ([5.28)). O
We deduce that choosing W appropriately, (1.17)) enforces that

o
2 . 2

00y + o [ Wi = o0y < (5:29)

Recalling (3.14]), this means that there exist strong existence times that are strictly larger than ¢t*. On

the other hand, choosing ¥ appropriately for (1.17]), Corollary entails that

do

t*
/ ||Vu||Loo(R3) ds < 5
0

where dg is the parameter of Lemma Owing to (3.13)) in Proposition we can thus find a strong
existence time ¢y > t* such that

to
/ HVUHLOO(R:i) ds < 50.
0

This is a contradiction with the definition of t*. We deduce that we must have t* = 400 and the proof
of Theorem is complete.
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