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ABSTRACT. We study the linearized Vlasov-Poisson system around suitably stable homogeneous
equilibria on R% x R? (for any d > 1) and establish dispersive L decay estimates in the physical
space.

1. INTRODUCTION

This work is concerned with the Vlasov-Poisson system on R¢ x R? for d > 1:

M +v-Vf+E-V,f=0, (z,0)€R? xR,
(1.1) E=V.A'(p—-1), p(t, ) /ft:z:v

fi=o0 = fo,

where f (resp. E) describes the distribution function of negatively charged particles (resp. the
electric field) in a plasma with a fixed uniform background of ions. We are interested in the long
time behavior of the solutions to around homogeneous equilibria, i.e. non-negative distribution
functions p(v) satisfying

(1.2) /Rd p(v) do = 1.

To this end, we consider solutions of the form f(¢,z,v) = u(v) + f(¢,x,v) and specifically focus on
the linearized equations:

Of+v-Vof +E-Vou=0, (x,0)ecR!xRY
(1.3) E=V,A'p, p(t,z) = /d ft,z,v)dv
R

fli=o = fo.

Our goal is to establish decay in time for the density p of the solution to . To this purpose, we
will require that p satisfies some appropriate conditions of stability. This problem can be seen as a
first step towards the understanding of relaxation properties around stable homogeneous equilibria
(i.e. Landau Damping) for the full Vlasov-Poisson system on the whole space.

Landau Damping was studied in the breakthrough paper [I5] by Mouhot and Villani in the case
of T4 x R? (see also [3] and very recently [I2]). All these works are based on a linear mechanism
called phase mizing, which is specific to the free transport operator 0; + v - V, on the torus;
furthermore they require perturbations of Gevrey or analytic regularity to handle the non-linear
problem, in order to avoid resonances referred to as plasma echoes. For what concerns the whole
space, an important contribution is due to Bedrossian, Masmoudi and Mouhot who considered in
[4] the screened Vlasov-Poisson system, which corresponds to a low frequency (or equivalently, long
range) regularization of the Coulomb potential, resulting in the equation

E=V.1-A,)"1p
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for the electric field. They relied on dispersive properties of the free transport operator 0;+v-V, on
the whole space in the Fourier side to prove decay in finite regularity for the full non-linear system
in dimensions d > 3 (with a strategy inspired by [I5,3]). In [13] we have very recently revisited this
problem with another approach, namely by developing dispersive L*° linearized estimates in the
physical space, which allowed us to use a Lagrangian strategy in the spirit of [2] for the non-linear
problem (see also [16]). In particular, [I3] shows that in the screened case, in all dimensions, the
linear decay in the physical space is the same as for free transport, up to a logarithmic correction.
One expects the situation to be radically different for the unscreened Coulomb case (L1.3)), as
evidenced in the pioneering works by Glassey and Schaeffer [10, 11]. In particular [10, II] prove
that in dimension d = 1, when y is a Maxwellian, the L? norm of the density of the solution to ((T.3))
cannot in general decay faster than 1/(logt)'®/2 (whereas for free transport it decays like 1/¢1/2).
Furthermore, [10, [11] provide decay estimates, highlighting the influence of the rate of decay of u
at infinity:
e when 4 is a Maxwellian, p decays logarithmically fast in L? and L norm.
e When 4 decays at most polynomially fast, p decays polynomially fast in L? and L* norm
(with a rate that cannot be better than 1/2 and gets worse when u decays faster).
e On the other hand when p is compactly supported, they show that the L? norm of the
density may not decay at all.

In this work, we shall consider a general class of analytic homogeneous equilibria (that includes
Maxwellian and power laws for example). Quantitatively, we assume that there exist Ry > 0 and
Co > 0 so that for all polynomials P of degree less than or equal to oy, with ag := d + 8,

(1.4) |Fo (1) ()] + | Fo(P(0) Vo) (€)| < Coe ol we € RY.

where we use F, to denote the Fourier transform.
Following [15] and [4], one could expect that a relevant notion of stability is the one in the sense
of Penrose, that would correspond to asking that there is x > 0 such that

(1.5) inf

T _(yin)s €
1 —/ e —= - Fo(Vop)(€s) ds| > k.
720, TER, {€R? 0

€

However, as we will soon observe, though relevant in the torus case, this condition can never be
satisfied on the whole space. This is because of a low frequency (in space) singularity (i.e. for small
values of |£]), which is the reason why the decay that can be obtained in the screened case should
not be expected here. This explains (most of) the results of [10, II]: their strategy is based on
a cut-off argument around the singularity, which accounts for why the rate of decay of y matters
in their result. We shall show that despite this singularity, with a relevant notion of stability, a
natural and much stronger decay estimate that depends only on the dimension can be obtained.

A simplified version of our main result is stated in the following theorem.

Theorem 1.1. Let d > 1. Let p be a non-negative radial equilibrium satisfying (1.2]) and (1.4)),
of the form p(v) = F (@), with F'(s) < 0, Vs > 0. Consider the density p(t,x) of the solution
of (1.3). Then we can decompose

p(t,x) = p(t, ) + p (1, 2) + p2 (¢, @),

where for all t > 2, we have

logt
I @l £ =g (Ifollzs, + I follzyrze)
and for k=0, 1,
logt
2Ol S i 3 (1) follza,, + 1)V follzyzge ) -
2 0<I<k
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Remark 1.1. All the assumptions, in particular, F' < 0, are satisfied when u is a Mazwellian

equilibrium or a power law p(v) = cdﬁ, with m sufficiently large.

1+|v
Remark 1.2. The rate of decay of p does not play any role in this result.

Remark 1.3. Observe that we do not state any decay in L?> and therefore this is not in contradiction
with [10] [11].

Remark 1.4. Contrary to the screened case, we do not have VEp to decay faster than p; this is
due to the singular part pi.

In Theorem u (and in the more general version Theorem below), we have only stated L
type dispersive estimates. Nevertheless, we shall provide a much more precise description of the
structure of pf* and p? in the following. By using by now standard interpolation estimates, we
could deduce from them Strichartz estimates for example ([7], [9]). We observe that the regular
part pf* enjoys the same decay estimates as the solution of the linearized screened Vlasov-Poisson
system obtained in [I3] which are themselves similar to the ones of the free transport up to the
logarithmic factor. The singular part pi is precisely due to a singularity at the frequency & = 0,
7 = £1 in the dispersion relation. It can be seen as the solution to a dispersive partial differential
equation. Indeed, we shall show that p is under the form

t
pi(t,l‘) = / Gi(t - 3) *y S(S) ds, S(t) = /d f()(.%' — vt, ’U) dv
0 R
the kernel G% being under the form

G (t,x) = /]R PO AL (€) de

where A4 is a smooth amplitude that is compactly supported for small |{]. The phase Z1(§) is
such that Re Z4+(¢) < 0, in addition, & — Re Z4 () vanishes at £ = 0 and is very flat (and gets
flatter when p decays faster) so that only a very weak decay connected to the rate of decay of u can
be obtained from this piece of information. This accounts for the decay results of [10, [I1]. Here we

shall use that the imaginary part of the phase is non-degenerate so that the decay rate =% can be
obtained from a stationary phase analysis. A significant part of the analysis of the paper will be
to perform a careful analysis of the singularity of the dispersion relation at 7 = +1, £ = 0 and to
justify that it gives rise to the above singular term.

2. STATEMENT OF THE THEOREM WITH GENERAL ASSUMPTIONS ON THE EQUILIBRIUM

As a matter of fact, Theorem [I.1]is a special case of a more general result, allowing for a wider
class of homogeneous equilibria (not necessarily radial) that satisfy a series of assumptions, which
we now present.

SYMMETRY ASSUMPTIONS. For all monomials P of odd degree k < ag — 1, we require that

(2.1) ) P(v)u(v)dv = 0.
R
We shall also ask that for all p € N\ {0} such that 2p < ayg — 1,
(2:2) 305, vee R’ [ (6-0)Tpv)do = CRig.
R4

Observe that is in particular satisfied when p is even and when p is radial; however both
can also be satisfied assuming (many) algebraic identities on integrals of u against polynomials.
For most of the arguments, we shall only need and we will emphasize precisely where the
additional assumption is needed in the paper.
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STABILITY ASSUMPTIONS. Two stability assumptions are required.
Assumption (H1). We shall first ask for the stability condition: for every & # 0

2.3 inf
(2.3) ot

Feo 7/7'5S
- [ et |2’2-Fv(vvu)(€8)d8>0,

which is a weaker non-quantitative version of

In order to tame the effect of the singularity at &€ = 0, we shall require another Penrose stability
condition. To this end, let us introduce

+oo
mip(z,n) = —/O e*”””’ B anmf (vguiVop)(ns)ds, z=~+ir.

For n € S%~1, thanks to (T.4]), we observe that mgp is holomophic in Re z > —Ry.
Assumption (H2). For every € S¥1, there is only one zero of z ++ 1 — mgp(z,1) on Rez =0
which is z = 0. Moreover it verifies

(2.4) 8meE(O,n) =0, 8§mKE(O,77) 75 0, Vne sé-1,

This condition can be interpreted as a kind of Penrose stability condition for the so-called kinetic
Euler equation, which is a singular Vlasov equation arising in the quasineutral limit of the Vlasov-
Poisson system and in Brenier’s incompressible optimal transport [5], [6].

We are finally in position to state the main result of the paper.

Theorem 2.1. Assume that (1.2), (1.4), (2.1), (2.2), (H1) and (H2) are satisfied. Then the
conclusions of Theorem [1.1] hold.

Remark 2.1. The assumption (H2) can be replaced by
Assumption (H2’). For every n € S41, there is no zero of z+— 1 —mggr(z,n) on Rez = 0.
The proof of Theorem[2.1] gets slightly simplified in that case. However we have decided to focus
on (H2) as (H2’) is never satisfied for radial equilibria.

Theorem follows from Theorem once that we have checked that the radial equilibria
p = F(|v|?/2) that we consider satisfy all required assumptions:
e we have already seen that and are satisfied when p is radial.
e As seen from [I5), Proposition 2.1 and Remark 2.2], the assumption (H1) is verified for radial
equilibria in any dimension assuming that F’ < 0.
e Finally the assumption (H2) is also satisfied if F’ < 0. We postpone the proof of this result
to an appendix, see Section [§]

The rest of the paper is dedicated to the proof of Theorem

3. REDUCTION TO KERNEL ESTIMATES

We study the linear equation
t
31 plt,x) :/ /d VLA (s, — (- 8)0) - Vopul(v) duds + S(t,x), t>0,
0 JR

with S being a given source term (as we shall see later, we can rewrite under this form by
integrating along the characteristics of the free transport). In what follows, we extend p and S by
zero for t < 0 so that the equation is satisfied for ¢t € R. For v > 0 sufficiently large, by using
the Fourier transform in space and time, we get that the solution of is given by

F(e"p)(1,6) = myp(y, 7, ) F(e 7 5)(7,8),
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where F denotes the Fourier transform in time and space, and hence that

(3.2) o) = S + (w (;_1 _mve(y,0) )) von S = 5t Gos S,
1 - mVP(FYa )

where

3.3 G(t,z) = / stint ive_VP(LTE)

o ¢ 2) RxR ‘ 1 —=myp(v,7,) s

The aim of the remaining will be to estimate the kernel G. Note that the definition of the kernel
G depends on +, but that in regions where the integrand is an holomorphic function of z = v + it
it actually does not depend on ~ since we can appropriately change the integration contour, via
the Cauchy formula, without changing GG. In particular, by taking the limit v — 400, we get that
G\t<0 = 0.

Precisely, in this paper, we shall prove:

Theorem 3.1. Fort <1, we have the estimate

16O~ $ 7

Moreover, assuming (1.2)), (1.4), (2.2), (H1), (H2), we can write for t > 1,
G =GE(t,z) + G (t,x) + G3(t, ),

GO St

where

1
IGT @Oz~ S [ GIPRES ool

td+1 )
and

GOl S = 1GEMI2 $1, VE= 1.

~+
wm‘ =

A more accurate description of Gi is given in Proposition They can be seen as the kernel
of the propagator of a dispersive PDE.

4. PROPERTIES OF THE SYMBOL my p

Let us set for (y,7,€) € R x R x R?,

+o0 . 1
(41) mVP(77 T, f) = /0 e_(W‘HT)s ’2_% . fv(vv,u)(gs) d5>
+oo .
(4.2) myp(7,7,§) = /0 e O g Fy(Vop) (€5) ds,
+o0 . ;
(4.3) mKE(% T, f) = —/ 6_(7+ZT)S ’172 . Z gkfl}—v(vkvlvvu)(gs) ds.
0 7

Remark 4.1. As already mentioned, mgg is the symbol associated to the Kinetic Euler equation.
It turns out that the symbol my g is the one associated to the so-called Vlasov-Benney equation
(see e.g. [1]) which is another singular Viasov equation that shows up in the quasineutral limit of
the Vlasov-Poisson system [14].

Let us define Qr, = AN Cg, where,

A={nmO €RM S <hl+lrl vl <2}, Cr = {(17) €RML € £0,7> ~Rolel}.
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4.1. Estimates of my p. The following is an adaptation of Lemma 2.2 in [I3]. We get stronger
properties due to the regularity assumption ([1.4) and the symmetry assumption ([2.1)).

Proposition 4.1. Assuming (1.2)), (1.4) and (2.1, we have the following properties. For every
(777-’ 5) € CRQ;

(4.4) myp(7,7,§) = !

€ |2 (y +i7)?
The symbols myp(y,7,£) and mig(y,7,§) are for & # 0 holomorphic with respect to the vari-
able z = v + it in v > —Ry|§|. Moreover, they are positively homogeneous of degree zero and

myp, Mg € %ad*Z(CRO/Q). Quantitatively, there exists C' > 0 such that
(4.5)

c
anB agf _—
1020 my B (7, 7 ) + 107 0 muce(v, 7 O < 15 oy

mVB(’Yﬂ— 6) mVP(’Ya 7_75) = - (1 - mKE(’Y7Ta€))

Via| + 18] < ag =2, ¥(7,7,€) € Cry /2,

where we use 0, = 0 — i0-.

Remark 4.2. In the following, we shall often abuse notations and write the symbols as functions
of (v,71,€) or (z,€) depending on what is most convenient.

Proof. Let us first observe that thanks to (1.4), myp, mxgr and myp are well-defined in Cg, and
holomorphic in z for £ # 0 and Re z > —Ry|{|. Let us prove (4.4)). The first relation is trivial. For
the second one, by two successive integrations by parts in s, we obtain

“+o0o
myp(r €)= — [ e o, RV €9)) ds

Vi ieP
o O R RV (69) ds
b e 0 UV o
Since by (L2),
T 65) = = S G V)€ 5500 (BT (€9) im0 = =1

we finally get (4.4). The degree zero homogeneity property comes from a straightforward change
of variable. It remains to prove (4.5). We first give the proof for my g.
Since we have

+o00 . o
myp(Y,7,§) = / e~ OFLie 7, u(t€) dt
0
we get by using ((1.4)), that
+oo
Imy (v, 7,6)| < C/ |EleRI2 gt < O, (v, 7,€) € Cry o
0

We now estimate the derivatives in g /o; let us first handle the case when €] > %. Thanks to

(1.4), we also have that
+o0o
fagangB(% 7,6)| S/ <t>|a|+\ﬂ|‘§’e—Ro\§|t/2 dt
0
and therefore, for [£| > i and |a| + |3] < ag, we obtain

1
(4.6) 020 myB(r OIS L (T € Qrypan 1€ 2 5
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Let us next consider the case || < i, in which we make use of the fact that |z| is positively

bounded from below, recalling (v, 7,£) € A. Integrating by parts again, we get for every n =
27 s, O,

1 1
(47) mVB(777_7§) = Z 71@16(5) + ZinR'IZ(ﬁ)/v 7_75)

%
=2 ?

where
Pi(€) = (~D)F ke F (v, ) (0) €55,

Rn(y,7,§) = /;OO e 0Tl (1,€) dt, ra(t,€) = (—1)""E - F (0" Vyp) (1) : €57,

with the definition
k k
E-FWVou)(Q) : €% = Y &io&jy - & F vy -+ 0,00y 1) (€)-
J0sJ1, - Jk
Note that &7 is a homogeneous polynomial of degree k. Thanks to (1.4]), we have
It €)] S (€[ e Roléle,
More generally, we have for all 3| < n,
08ra(t,)] < g1kl
Consequently, applying derivatives to the expansion (4.7) and using the above estimates with
n = ag, we get for [¢] < § and (v,7,&) € Qp, /2 (which in particular implies that |z| > .
+oo +oo
|3?a?mVB(%T7§)| <1+ / t\al‘§|ad+1f|ﬁ\efRolé\t/2 dt <1 +/ S|a||§’ad+1*|m*‘a|€*R03/2 ds.
0 0
Thus, we get for |af + |5] < ag,

1
020 mys(r OIS L (7€) € Qrypar €S

This, together with , concludes the proof of the estimates for myp on Qg /9; we finally
obtain for my g by degree zero homogeneity.

Let us now prove the estimates for mgp on g, /5. The same argument as above applies for
|€] > 1/4. Thus it suffices to study |£| < 1/4. As before, we can integrate by parts to get that

(18) micn(2.6) = 3 0u(E) + - REE (7,7,
k=2
where
QuE) = (1)1 g - F (171 Vn) (0): 67471
REP(rm6) = | e KB g ar, KB e) = <—1>”“z'”|§|2 L F (0572, (t) : €502,
0

In this case, we need to study more carefully the structure of this expansion since the function
£®£/|€|? multiplied by a polynomial of € is not necessarily a smooth function of £. We first observe
that if k is odd, we have

Qr(§) =0, V¢

Indeed, we can integrate by parts and use that

/Rd v®* p(v) dv =0
7



if k is odd thanks to the symmetry assumption (2.1). We thus have the expansion
l

1 1
(4.9) mrp(z,8) = ﬁ%p(ﬁ) + WRgfﬂ%T, £).

p=1

Moreover, we have

Qup(€) = (1155 F (57119 ,) (0) €71

1
= (_l)pw . Z fjo T §j2p+1 /Rd UVjy - 'Uj2p+1avj0,u(v) dv.
JOs 5J2p+1
Integrating by parts, we observe that if ji,- - , jop+1 are all different from jg, the integral vanishes,

therefore, after relabelling, we get that

QQp(f) (— 1)p+1 2p+1)— |§’2 Z (fjo)zsz T §j2p+1 /Rd Vjg =+ sz;:ﬂﬂ(”) dv

JosJ2 s J2p+1

= (_1)p+1(2p + 1) Z 5]'2 o .£j2p+l [Rd Vjy * - Uj2p+1M(U) dv

J2, s J2p+1
— (—1)P N (2p+ 1) /]R (€ 0P u(v) dv.

We have thus obtained that Q) is a polynomial in £ and hence a smooth function of {. We can then
get from the expansion and similar estimates as for my g that the derivatives with respect to
z and ¢ of order less than ay — 2 are uniformly bounded for || < 1/4. Finally, the estimate (4.5))
follows by using the degree zero homogeneity. O

In the proof of Proposition we have obtained a refined asymptotic expansion of mgg, for
which we have relied on the symmetry assumption (2.1). We gather this very useful statement in
the following lemma.

Lemma 4.1. Assuming (1.2 , and ., we have the following expansion of myg for all
I S Ladg 3J

(4.10)

L1 1
mcn(2,6) = 3 2 Qan6) + S Ran (1,7 6),

pe
(4.11)
Qop(€) = (-1 @+ DE™: [ 0™ (o) dv = (<17 @p+1) [ (€07 u(o) do.

R4 Rd
(4.12)
REF (€)= [ e OrIEE () dr, T (1, €) = () S F (5 00) (1) €2
2l+1 0 Tol+1 20+1 ‘£|2 v

where the remainder satisfies uniformly for (v,7,§) € CR0/2 the estimate

(4.13) 0207 Ry 1 (2, )] S 1EPHIPL ol 418 < 20+ 1.
In particular, we get

(&) =-3H, & H,= /Rdv ® v pu(v) dv.
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Under the additional symmetry assumption , we have
(4.14) Qap(€) = (~1)P(2p + 1) [E*CE
where
L= /]Rd v p(v) do.
In particular, we have
Cy = C’}L = cll/ugd [v|? p(v) dv.
As a consequence of Proposition [4.1] we obtain estimates for my p.

Corollary 4.1. The symbol myp(v,7,&) for & # 0 is holomorphic with respect to the variable
z =~+1i1 in Rez > —Ry|¢|. Moreover, it is positively homogeneous of degree —2 and myp €
‘fo‘d_Q(CRoﬂ). Quantitatively, there exists C > 0 such that

C
(7, 7, ) |FFlelFIAr
Proof. The fact that my p is positively homogeneous of degree —2 follows from a change of variables.
For the other properties, by using the previous lemma, it suffices to observe that

1

4.16 m , T, &) = - 8m , T8+ (1 —m T, .
(4.16) ve(,7,§) SEE= (7 i)? (8myp(vy,7,8) + ( kEe(Y,7,§))
We get that the modulus of the denominator for (v, 7,&) € Q Ro/2 is positively uniformly bounded
from below. Indeed, for |£|? > 1/4, we observe that

(4.15) 0207 my p(7,7,€)| < | Via| + (8] < ag =2, Y(7,7,) € Cry/a-

82 = (v +i7)?| > 8¢* = > o,
for some cg > 0. Otherwise, if |£|? < 1/4, we must have 72 +~2 > 1/4, in which case

8I€2 = (v +i7)?| > |72 = 7| + 27| > 1,

for some ¢; > 0. Consequently, we can apply (4.5) and the estimates (4.15)) follow since myp is
positively homogeneous of degree —2. O

4.2. Zeroes of 1 — myp. In this section we give a sharp description of the zeroes of 1 — myp. As
we shall see, they are localized in the region |y| < e3/¢], |7 £ 1| < e3]¢| and || < e3 for some small
€3. Using the implicit function theorem, we are able to describe them by smooth curves.

Proposition 4.2. Assuming that (1.2)), (1.4) and (2.1)) hold, we have the following properties:
i) There exists M > 0 such that for every (v,7,§) € Cry 2 and |(v,7,€)| > M, we have

—_

’1 - mVP(’YaT7€)‘ >

=2
it) Assuming (H1), for every § > 0, there exists cs > 0 and Rs € (0, Ro/2] such that for every
(v,7,&) € Cry with || > 0, we have
|1 - mVP(%Tv 5)‘ > Cs.
it1) Assuming (H2), there exists Ry € (0, Ro/2], e1 > 0 and Cs; > 0, ¢, > 0 such that for every
(Va 7-76) € CRl and |7’ < 51|§‘; |(7—7€)| < e1, we have

mVP(fYa 7, g)
1- mVP(77 T, g)

(4.17) < Cq, |22 +1—mgp(z,£)| > ¢ min(1, ]2\2), z = [€|Z.
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iv) There exists e3 € (0,min(Ro/2,e1)], Ao > 1, such that for every e € (0,e2], for every
A > Ay and for every (v,7,§) € Cry, with €] < g, |v] < €l§], and ||7] — 1] > Aegl],
% > |7| > €1, there holds

(4.18) 11— myp(y,,8)| > Acefl¢|/4

v) Assuming (H1), there exists e3 > 0, €3 € (0, min(Ry/2,e2)| such that for every & # 0, the
zeroes of 1 —myp(7y,7,&) with [£] < e3, Y] < e3l€], ||7] — 1| < e3]¢| are given by two €*
curves

Zi(ryw)=xi+rTi(r,w) +irTe(r,w)
where £ = rw, w € S, Ty <0, T4 (0,w) =0, 9,T'+(0,w) =0, Ts(r,w) <0 forr #0 and
T+ is real with T+(0,w) =0, 0,T+(0,w) # 0.

Proof. Let us start with i). To this end, we can apply Corollary This entails that

imyp(y,7,8)| < 1 ¢

RN V(7,7,8) € Cry2

and hence

N[

|1 _mVP(’}/aTagﬂ >

if |(,7,&)] is sufficiently large.

Let us prove ii). By using i), the estimate is true if we have in addition |(v,7,&)| > M, it thus
suffices to consider the case that |£| > § and |(v,7,&)| < M. By (H1) and by compactness, we get
that

11— myp(y,7,8)] = 2
for some ¢s > 0 if v > 0. By continuity, the inequality without the factor 2 remains true for
v = —alé| for a < ¢ with ¢ > 0 small enough.
To prove iii), we observe that by Proposition we can write

myp 1 1 —mgg 1—mgpg
(4.19) mve 1 L _— .
1—myp z 1—|—z—2(1—mKE) z¢+1—mgg

By degree zero homogeneity of my g, we can set Z = z/[¢|, n = £/|¢| , with Z = 4+ i7 and |7] < €1,
|7| < e1/|€|]. This yields
my p (2,6) = 1 —mgg(Z,n)
1—mvp ’ \§|222+1—mKE(2,7])'
By using , we have that uniformly for |§| < Ro/2 and n € S41,

lim |mgg(Z,n)| =0.
—+00

|7]
Therefore, for |7| > M sufficiently large

N =

and hence for ¢; sufficiently small, we get

1622 + 1 = mac ()| = [+ 1= mucp(zn)| = 7.

As a consequence, we conclude that )ITTX{; = ‘ is bounded.

In a similar way, for every € > 0if € < |7| < M, 1 — mgg(i7,n) does not vanish thanks to (H2).
By compactness and continuity this remains true uniformly for 4 sufficiently small and 1 € S%1.
In this regime, we thus also get ||§]222 +1—mgp(Z,n)| is uniformly strictly positive and also that
% is bounded.

10



Consequently there only remains to study the vicinity of Z = 0. From (H2), we have that
(4.20) 1 —mxp(Z,1) = ax(n)z* + O(2),
where by compactness, infge—1 |az(n)| > ¢s > 0 for some ¢s > 0. In particular, we find that
€722 + 1 — mip(Z,m) = (a2(n) — [€%)2° + O(2%)
and hence that for £; and hence |¢| sufficiently small,

~ ~ Cs | .
16P2 + 1 = mip(z.m)| 2 SI2P

This also yields that 7" is uniformly bounded thanks to (4.19)-(4.20).

1-m
Next, we prove iv). We use again that

(4.21) 1 —myp(y,7,§) = m ((’Y + iT)Z + (1 =mgge(y,T, f)) .

This yields, as |7]? < 1/¢2,

2
L=myp(, 78| 2 T |(r+i7)% + (1= micp(,7. )

We shall need the behavior of mg (7, 7,£) close to £ = 0. By using the expansion (4.10)) for | =1,
we obtain that in this regime, for some C' > 0,

C
‘mKE<777_7£)’ < ?K’Qv
1
therefore, we obtain that for e sufficiently small
(422) |y +ir) + (1= mrp(y,7,)| = Iy +i(r = DI}y +i(7 + 1)| = Imacs(3,7,€)|
C 9 2 C
Sl 41— 22> (24— 2 ) el
> fr =1l 1= S = (54~ 5 ) <l

We thus find (4.18)) for €5 sufficiently small and A > A sufficiently large.
We finally prove v). We use again (4.21)), we have to study the zeroes of

9(2,5) = Z2 +1-— mKE(7vT7£)‘

Writing z = +i + r3, £ = rw, with |3| small, we get by using Lemma and the expansion (4.10))
that

(4.23) g(z, &) = £2ir; 4+ r?3? — 3Hyw - wr? 4+ rima(Ei + 13,7, w)) )

1
(£i +73)2 (
where mg is a smooth function of its arguments. We can thus set

9(275) = rf:t(ﬁvnw)a
where

(4.24) fi(,mw) = 203 + 132 — 3Hw - w + r*mo(£i + 73,7, w)) .

_r (
(i +73)?
It thus suffices to study the zeroes of fy for |3 sufficiently small, > 0 close to zero. We would like
to use the implicit function theorem, nevertheless, since » = 0 is on the boundary of the domain
of definition of f, we shall first look for a smooth extension of fi for small negative r. We can use
again the expansion (4.10) in Lemma to observe that r2msy can be expanded as a polynomial
in 7 with even powers plus a remainder of order O(r?"). Consequently, we choose an extension by
setting

mee (3,7, w) = rma(Fi + |rl3, |r],w),
11



then m4 is a €1 function of its arguments for |3] < Ro/2, |r| < 1/2, w € S, which moreover
satisfies

(4.25) m4(3,0,w) = rm4(3,0,w) =0.
Let us set ,
Fi(3,m,w) = £2i3 4+ 15" — Ty (BHuw - w+mx(3,r,w))

and observe that Fy is a ¢!, C valued function of its arguments for |3| < Ro/2, |r| < 1/2, w € S%!
that coincides with fy if » > 0. Therefore it suffices to study the zeroes of Fi. For every w € S,

using , F.(0,0,w) =0 and

D, F1(0,0,w) = +2i
is invertible (as a linear map from R? to R?). Therefore by the implicit function theorem, for every
w € S%1 there exists a vicinity of (0,0,w) such that the zeroes of Fy are given by a €' curve. By
compactness, we can then find e3 such that for every |r| < e3, |3 < €3, and w € S9!, the zeroes
of Fy(-,7,w) are described by a curve 3 = Wy (r,w) such that W4 (0,w) = 0. Since by using again

(4.25), we have
0, F4(0,7,w) = 3H,w - w # 0,

and we also obtain that 3
Wi (0,w) = :tZEHMW - w.
This yields v). Note that
3
OHT+(0,w)=0, 0,TL(0,w)= :t§HHw “w.
The fact that we necessarily have I'y (r,w) < 0 for » > 0 is a consequence of (H1). O

In the above proof, we have used the implicit function theorem in polar coordinates in order
to describe the zeroes of 22 + 1 — mp in the region |y| < es|¢|, |7 £ 1] < e3/¢| and [¢] < e3.
Nevertheless, it will be useful to get that Z4 (r,w) are actually smooth functions of £ under the
additional symmetry assumption .

Lemma 4.2. Assuming (1.2), (1.4), (2.1), (2.2) and (H1), there exists €3 > 0 such that for every

£ # 0, the zeroes of 1 —myp or equivalently of 2° + 1 — myp with |y| < esl€|, |7 £ 1| < e3/¢| and
€| < e3 are given by two smooth curves of class €% under the form
Z+(€) = Fi+il¢PL(6)
where 5
(I)i((]) = :|:§C“ €R, Im &4 > 0.

Proof. By using the notations of the proof of Proposition v), since Wy is %{ and Wi (0,w) =0,
we can set Wi (r,w) = rWi(r,w) and thanks to (4.24), we see that for r # 0, Wi(r,w) is a zero of
f+(3,7,w) where

fi(g, row) = £2i3 + r252 — <3H“w “w A+ r2m2(j:z' + 7"25, r,w)) )

Moreover, thanks to , we have that
Hw-w=C,
is independent of w and that by using Lemma and in particular the expansion and ,

we infer that r4mo(£i +123,7,w) has an expansion in terms of polynomials of 72 of valuation larger
than two plus a high order remainder of the form (4.12]). We can therefore write

’I"ng(:l:i + T237 T, (.U) =:Mm4+ (57 5)
12



where m4 is a smooth function of its arguments such that m4(3,0) = 0, Dym+(3,0) = 0. We can
thus write fi as a smooth function of ¢:

f(3,8) = £2i3 + |£%3° -

Moreover, we observe that

1
R (3C, +m+(3,€)).
z 3. ~ 3. )
fi(iilcuuo) - 07 Dafj:(:t§zcu,o) = +21.

Consequently, from the implicit function theorem we find that Wi(r, w) is a smooth function of &
that we still denote by W (). This yields

- - 3.
Zy(r,w) = |€PWe(E), Wx(0) = +5iC,
which concludes the proof of the lemma. O

5. KERNEL ESTIMATES

5.1. Short time estimates. We start with short time estimates, which require little assumption
on f.

Proposition 5.1. Assuming (1.4)), there exists C > 0 such that for every t € (0,1],
1
|Gl < Ct |G|z < C gy

Proof. We observe that G(t, ) solves the integral equation
G=K + K *t,:l: G

K(ta $) = ewtf_l(mVP(’}/’ T, g))(tv ZL‘) = [Rd R 67t+i7t+m.§mVP ('73 T, 5) def
X

1 z
= it 7 Li>o.

K@) St

Moreover, as already observed, GG vanishes in the past, therefore

Therefore, we have the estimate

t

G(t,x) = K(t, ) +/ K(t—s,-) %y G(s,-) ds, V¢ >0,

0
This yields
t
1G@O)[ S ¢ +/O (t = s)[IG(s)ll L2 ds
and hence from the Gronwall inequality, we get that
IG@)llr St VE<L

We also obtain that

1 51 t
6@ S s + || g6l ds+ [ ¢ = 9IGE) i ds.

This yields for t < 1 that y(t) = t¥1||G(t)||p verifies

-

t
2 1 t 1
y(t Sl—l—td/ fds—l-td*lsupys/t—s —ds.
) s wy(s) [,
13



Since

51 51
td/ —d :t2/ ———ds = Ct?
0 (t—s)a 1% o Q—wd 1%

t 1 1
d-1 d—142 2
t L(t—s)sd_ldSSQ t /1(1—u)du§t,
2

and

2

we get that for every T > 0

supy(t) S 1+ T2 + 72 sup y(t).
[0,T] [0,7]

This yields the result for ¢ € (0,7, T sufficiently small. We can then iterate the argument finitely
many times in a classical way to get the result for ¢ € (0, 1]. This ends the proof. ([l

5.2. Large time estimates. We shall now focus on estimates for ¢ > 1. First, observe that by
setting z = v + i1, we can write (3.3)) as

G(t,z) = E/Rd elvt (/Re — e”% dz) dg.

Let us pick > 0 to be fixed later. We split G as a high frequency and a low frequency part:

(5.1) G(t,z) = G (t,z) + G"(t, z)

where

(5.2) GH(t,x) = E/Rd et (/Re z:’y e”% (1 - X (g)) dz) dg,
(53) GHta) = [ ([ e mEE () de)ae

where x € C2°(R?) is a nonnegative radial function equal to one for |¢] < 1 and supported in the
ball of radius 2. Note that G and G depends on 6. The choice of § will be carefully performed
in order to estimate G,

5.2.1. High frequency estimates. We shall first estimate the high frequency contribution G

Proposition 5.2. Assuming (1.2)), (1.4), (2.1) and (H1), for every § > 0, there exist C > 0 and
a > 0 such that

IGE @) < Ce™@,  ||GH(t)||p~ < Ce @, Wt >1.

Proof. Let us first recall that (1 — x) is supported in the zone |{| > § > 0 so that the argument
is very similar to the one used in the torus case in [I2] for example. For & # 0, thanks to the
Penrose stability condition (H1) and Corollary the function myp(-,£)/(1 — myp(-,§)) is an
holomorphic function in {Re z > 0}. Moreover, by using ii) of Proposition[4.2} for || > 4, it extends
as an holomorphic function in {Re z > —Rs|¢|}, where Rs is given by ii) of Proposition and we
have a positive uniform estimates from below of |1 — my p|. We can then use the Cauchy formula
to get that for || > 4,

fo o S (5 ae= [ e (5) e

Indeed, we can apply Corollary (4.1)) to get that uniformly for || > ¢ and Rez > —Rs(¢|/2,

C

(5.4) imvp(z,8)] S )

14



so that there is no contribution from infinity. Consequently, we have to estimate
H - ix-€ —RslE|t/2 itt myp(—Rs[§]/2,7,§) ( . (£>)
t,r) = / e / e e 1 drdg.
0= Ju ™ ), T mer—Rag 2\ X5 ) )
By using again ({5.4]) and ii) of Proposition we easily get that

1 ~
|GH (t,z)| </ —Ra\§|t/2/ T Sdrdé < e Tlélt/2_—_ e < o=t
3= !5\ SEY €]

for some & > 0. This yields
IGH ()] pe S e, Wt > 1.
For the L' norm, by integrating by parts in ¢ and applying Corollary we obtain in a similar
way that for all multi-indices |3] < d + 1,
Z0GH (t,2)] < (1 + P8t i > 1.

Therefore, we obtain that

G (t,2)| <

— td+1 —at Vi > 1

and hence that
IGH @)l Se ', vt>1,
with oo = &/2. O

5.2.2. Low frequency estimates. We shall now estimate the low frequency part G.

Lemma 5.1. Assuming (1.2] , (L4), 1), (H1), (H2), for § > 0 small enough, we have the
following decomposition of

(5.5) GL(t, x) = G"(t,z) + G3(t,x) + G5 (t, )

where,

r _ iz 2t myp(z,§) § 5 53/2
¢t z) /]Rde </Rez=—£s'g|e 1mVP(va)dZ>X<5> d¢, =075

S _ iz 24 (rw) § _ Zi(rvw)Q
Gi(t,x) = 271'/Rde 2t (€)x (5> ¢, ay(§) = 7 w) — D Za(r). 6

Proof. We now deal with the region || < § for ¢ > 0 to be chosen sufficiently small. For £ # 0, we
would like again to use the Cauchy formula to change the integration contour for

_1 a_mvp(z€) (€
Ig_ i/Rez:'ye 1_mVP(za§)X(6) dz.

Again for v > 0 the function 1 — myp(z,£) does not vanish thanks to (H1) so that we have to
carefully study what happens for negative v with |y| small. We observe that thanks to i) and iii) of
Proposition [1.2] for |(v,7,&)| < 2e1 or |(v,7,£)| > 1/(2¢1) (reducing &7 if necessary), the function
1 — myp does not vanish in Cg, .

We shall now choose

(5.6) 0<6<

€3
~ 10Ag

where €3 and Ay are given by Proposition [4.2|iv) and v). As a consequence, for [£| < 4, |y| < €],

if |[7| > 1/ey or |7| < e1, 1 — myp does not vanish. Then, since § < €3, we get that for |{] < §,

|v] < 0)¢] and |7 £ 1| < e3¢, the function 1 — my p has for each & exactly two zeroes described by

v) of Proposition [1.2] Moreover, since 'y (0,w) = 0, 8,I'+(0,w) = 0, we have that for |7 £1| < §[¢],

the zeroes in —6|¢| < v < 0 are actually localized in — C§|¢]? < —C|¢)? < v < 0 for some
15




C > 0. Therefore, assuming that § is sufficiently small, we get in particular that on the line
Rez = v = —5%|§|, there is no zero of 1 — myp for |7+ 1| < 6[¢|, || < . Next, using iv) of
Propositionsince d < g9, we get that for |y| < 5g|§|, |7+ 1] > 6|, e1 < |7| <1/ey and [¢] < 0,
1 — myp does not vanish.

To summarize, we have thus obtained that for each £ # 0, || < ¢, there are exactly two zeroes
of (1 — myp) in the region |y| < §|¢| and they are described by v) of Proposition Moreover,
they are localized in — C6[¢|? <y < 0 and |7 & 1| < 3/¢|]. We can thus use the residue formula to
write that for & # 0 (note that there is again no contribution from infinity since the estimate ([5.4)
is still valid for large 7),

I = 1/Re = o3 e EZtMX (§> dz+ 2mx ( > L (ReS%("f))|Zi(r7w)

where r = [{], w = £/|¢|. Computing the residue, we obtain

1
27 <Res ° ) = 27 .
Z —myp ) |24 (rw) ; 9.my p(Z(§),€)

To get regularity in £ close to & = 0, it is convenient to express the residue in terms of mgpg.

Thanks to (4.4]), we have

myp = —%(1 — MKER)
and hence
O-myp = %(1 —mgEg) + %ameE-
Since (1 — mygp) = —22% at z = Z4, we can also write

my p Zy(r,w)?
2w Res———(, ) =2 ’
Zi: ( 1—myp ) \Z () zi: 2Z+(r,w) — 0.mip(Z+(r,w),§)

This yields the decomposition of G
(5.7) GE(t,x) = G (t,2) + G5 (t,x) + GZ (t,x)

where (setting 6 = & 3 for notational convenience),

N a_mvp(z6) S
G (tvx) B /Rd c </Re z=—0|¢| ‘ 1-— mVP(Zag) dZ) * (5> dg’
Z:t(r7w)2

S _ ix-§ 2+ (1,w) § =
Gi(t,x) = 27r/ eSe fas(€)x <5> g, a+(§) = 274 (r,w) — 0.myp(Zi(r,w), &)’

Rd
giving the lemma. O

5.2.3. Low frequency estimates: reqular part. The next step is to estimate G™ and G in . We
start with G".

Proposition 5.3 ( Study of G"). Assuming (1.2)), (L.4)), (2.1) and (H2), 6 can be chosen small
enough so that uniformly fort > 1

1
td+1 ’

~ | =

1G" |z~ < [[ER{FRIS

Proof. Let us write that

16



Thanks to Proposition [{.1 we observe that

myp(z,§) 1 1-mgp(z8  1-mge(zf)
1L —myp(2,8) 221+ 5(1 = mgp(2£)) 22 +1—-mgp(2§)
2 2 2 2
z z 1 z z MKE
T — — 1
I e s B ) B e B B A Ay
1 22 MKE

2241 +22—|—1(z2+1—mKE)'
We can thus write

- 1 1 1 22 MKE
1, :—f/ et——dz+ Je, :f/ et z,€)dz.
¢ i JRe z=—b¢] 1+ 22 T JReseglg 2+ 1(2 41— mKE)( 2

Next, we observe that from the Cauchy formula

1 1
/ ) eZt72 dz = eZtﬁdz
Re z=—4l¢| 1+2z Rez=-T 142
for any I' > §|¢| and thus, sending I' to +o0, we get that

1
/ : edi2 dz = 0.
Rez=—4l¢] 1+z

We have thus obtained that
2

r — iz-§ § — 1/ 2t MKE
(5.8) G'(t,x) /Rd e Jex <5) g, Je S > oy P p— (2,€) dz.

We shall use this more convenient form to prove the estimates. We shall further split the J¢ term
into

. 2
(5.9) Je = / Ot girt _Z MKE (2.€) dr
|r|<er 22+ 1(22+ 1 —mkp)
2
lel irt 2 MKE
+/ e 6\§|t627t 2, &) dr
|T[>e1, |IT|-1]>1/2 2 +1 (22 +1— mKE)< 5)

—|¢lt ittt F MKE dr =: J
e e z, T = + Je o + Je 3,
/|T|>SL I P po mKE)( £) e1t e+ Jes

where we recall that e; is defined in iii) of Proposition and we decompose accordingly G" into
(5.10) G" =Gl + Gy + Gy,

In the following three lemmas, we shall provide estimates of G}, ¢ =1, 2, 3.
Let us start with G5, which is the easiest one.

Lemma 5.2. Under the assumptions of Proposition 0 can be chosen small enough so that

uniformly fort > 1,
1 1
1G2lz> S s G2l S 5
Proof. By using the same factorization as in (4.22)), we observe that uniformly for [§| <4, [|7[—1] >
1/2 and v = —4||, we can take ¢ small enough so that

(5.11) 2% + 1 — mrp(=d[¢],7,6)| > Kol2* + 1| >0,
where kg depends only on d and 1. Moreover, still in the same range of parameters,
(5.12) |22+ =z +illz =il 21477, 2P S €2+
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Therefore, we get that

_ 2 2
Gyt < [ e [T Sl o)) dra
2 Y ~ |§|<§ R 1+’7_‘4 KE bl )

—dlelt 4
S [y [ (-0l 7.l dre

We then set 7 = |£|7’ and use the degree zero homogeneity of my g to get

G0l s [ e [ e (<575
€1<6 R "€l
From Propositionﬂ, we have that ‘mK E (—5, T, %)’ is uniformly bounded for |7/| < 2, while we
4.1}

get from Lemma {4
RS 1 /
‘mKE <_6)T ) |§|)‘ S (7_/)27 |T ‘ 2 27
and hence

(5.13) ‘mKE< 6,7 é)‘ <

dar'de.

1
(7./)2 ’
This yields

5 1
T e
and hence by finally setting £ = t£, we obtain

G5 (t2)| S e

There remains to estimate the L' norm. To this end, we use an homogeneous Littlewood-Paley
decomposition. We write

(5.14) => Gh, Gh,(tz)= /Rd e Je o(t)x (§> ) (;q) de,

q<0

N 2
Jeo(t) = / e Oleltgimt _~ MKE =8¢, 7, &) dr, z = —0b[¢| + i,

where ¢ is supported in the annulus 1/4 < [¢| < 4. Changing ¢ for £/27, we get that
(5.15)

T s T X 2q£
boltin) =205 (1,X), G5(1X) = [ X ea (D (35 ) 0(9) de. T =210, X =1z,
5 v 2
J T) = / e ST ST 2 MKE —029)¢|, 7, 29€) dr
5,2,(1( ) >, [Ir—1]>1/2 22 +1 (22 +1-— mKE')( |€’ 5)

where now the integral in £ is supported on the annulus 1/4 < |¢| < 4. We then observe that since
29 < 1, we have that
IGo(T, )z S D 108 Jezqllzee
|ar| <d+1
By using again ((5.11)), (5.12)) and Proposition we get that for |a] < d+ 1, and uniformly for
1/4 < [¢] <4,

08 Jeza(D)] S [ e IS 2% |hy(—62e] 7, 2%€)
Ir]=11>1/2 K<lel

18



where hy is positively homogeneous of degree —k. Moreover, by using the expansion of mgpg
provided by Lemma we also know that for bounded ¢ and |7] > 1/2,

R U
1~ 1472

|hk(zaf)’ SJ |22

Therefore, by setting 7 = 29|¢|7/, we obtain that

_5 T 1 ’
08 Je0q(T)] S 2q/ e Ol hy(=0,7', =) dr
| 3 3 q( )‘ ‘qung/|_1|21/2 k§2a|| ( |€’)|

< 2q675T/2/ _ dr' < 99¢=0T/2,
r 1+ (77)2

Consequently we obtain from (5.15)) that

~ 2(]
T < 99,—029/2
G5Bl S 2722 S e
This finally yields for ¢t > 1
1 1 _1 1
1G5l < Z 1G5, ()l S Z 27 + i Z 234 S n + A N n
q<0 20<1/t 1/t<24<0
This ends the proof. (]

Let us turn to G7.

Lemma 5.3. Under the assumptions of Proposition we have uniformly fort > 1

1 1

IGT e S ey Gl S 55

Proof. In this regime of low frequencies for |£| < 6, |7| < 1, and v = —0|¢|, we have that

22+ 1 —mgp(=0lE),m,&)|

By setting again 7 = |¢|7/, and by using that my g is homogeneous of degree zero, we obtain that

2

z Mg ~
-0

S el

_F mKE(*Sv 7—/7 i)
Gita) s [ e gy E L — € |ar
jel<s ri<en/lel €12 ()7 + 1 —mrp(=0,7, )
where 2/ = —6 + ir’. By using Proposition iii), in particular (4.17)), we know that
6P+ 1= mace(-6.7, )

is bounded from below by a positive constant since |2’| > 6 and hence, obtain that

Gita)l S [ et [
l€1<é IT|<e1/l€]

As in (5.13)), we have

/

e
-0 =) dr’.
mice ”wawT

e (4. )| < ot



This yields in particular that |2/|?

obtain that

’m xEe(—0,7 ﬁ)‘ is uniformly bounded for 7/ € R. Therefore, we

] 1
Gh(t, x 5/ e*5|€‘t53/ dr' d¢ < .
516, ) €1<6 a 7 |<e1/l€] 12

To estimate the L' norm, we argue as in the proof of Lemma writing

5 16 ZGl Q 71a,q(tvx) = 2ng71n7q(T7X)a
q<0

. 24
gnwx%a@é“%mwm(f>w©&,T:wnxzﬂa

Tea@) = [ DT E (o] 1) ar
Y |7T]<e1 22+1 (22+1—mKE)

where the integral in ¢ is supported on the annulus 1/4 < |£| < 4. We use again that since 29 < 1,
we have the estimate

1G1a(T )l S D 108 Jenqlle

la]<d+1
From the same estimates as above, we obtain that for 1/4 < |{] <4,
O e a( DS [ 1P T S 2t (~821(¢], 7, 210) dr
1< k<o

where hj, is positively homogeneous of degree —k. Arguing exactly as in the proof of Lemma
we get,

|08 Je.2,4(T)] 523‘1/ T S (14 (792) (=6, 7', 5 dr” < 224572,
e |<er/@7l€) ,gzﬂ el

We can then conclude as in the proof of the previous lemma by summing over the dyadic blocks.
The proof is complete. U]

It remains to estimate G7%.

Lemma 5.4. Under the assumptions of Proposition & can be chosen small enough so that
uniformly fort > 1
1 1

td+17 ||G HL1 S E

Proof. We are now integrating on ||7| — 1| < 1/2. We shall decompose J¢ 3 from (5.9) as

Jes=Jeso+ D Jeak

[LEE /PSS

1<k<N
where
2
CFel s z MKE
Jeso = / e dlelt irt z,€)dr
S0 -1zl P+ 1—mg) Y
and for 1 <k < N,
2
LRl s 2 MKE
Jesk :/ e 6‘5|te”t z,§)dr,
ST Jaregelsiiri-ti<t e P+ -mrp) Y

where e3 is given by v) of Proposition and N is such that 2V +legs)¢] < %
20



Let us first estimate J¢ 3 9. We shall focus on the estimates close to 7 = 1 (and call the corre-

sponding term Jg 370), the ones close to 7 = —1 can be obtained from the same arguments. We
set ,
-5 ; z MKE ~ .
Jia = / e Ot gitt z,&)dr, z=—0|&|+iT.
&3,0 |T—1|<es|¢] 22+1 (22 +1-— mKE)< €> ’5‘

We first set 7 = 1+ |£|7 so that

gt = |€]5t it (i + [€]3)? mKE(i+’§|3,f)d/
63,0 ‘5'/|Tf|gaf ©2ulels + 1627 G IELw)

where we have set 3 = (z —4)/|6| = =0 + i7’ and w = £/|¢| so that 7/ = Im 3 and f, is defined in

(4.24). As in (4.23), we can write

mip(i+[€3,8) =

T2

g Gl - w - rPma(itry,rw), =g

therefore, we have
Imie(i+ (€3, )] S €7

Moreover, since

r

f+G,ryw) = 2i3 + 7'32 - ( (BHw-w+ r2m2(z’ +7r3,7,w)),

i+713)?

we observe that for Re 3 = —6 = —6 3 and r < ¢ (see again the proof of Lemma , we have for §
small enough that

‘er(éaT’w)’ 2 L.
By using also that for ¢ sufficiently small,
231l + 1£1%%) 2 lel,
this yields,
’Jg3,0| S ‘5|676|£|t'

The same arguments apply for Jg 30- We thus have

(5.17) |Je a0l < l€le .
Let us now estimate J¢ 3. Thanks to iv) of Proposition we have
(5.18) 122+ 1 —mgp| > 28es¢].
As above, the estimate
imie| S €7
still holds, and since 1 > ||7] — 1| > 2%e3|¢|, we also have
1 1

< )
|22 + 1] ~ 2Fes[¢]
therefore, we obtain that
< o0 2" ) < p-Blelt e L
(5.19) [esnl S e oaplel S e e o
By combining, (5.17)) and (5.19)), we thus obtain
~ 1 ~
-4 -6
Jeat,2)] S e 9Me| Y o < e e

k>0
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From the definition of G% (see ((5.10)), (5.9)), we finally obtain

Gt 2)| S

To estimate the L' norm, we argue again as in the proof of Lemma writing

(5.20) =Y Gy, Gi,(t,x)=2YG; (T, X),
q<0

G;,(7.%) = [ e <ua(mn (52) o) de, 720, X =210,

JeaaT) = [ AT P (i) 7. 2%6)dr
"~ lIr|-11<1/2 22 +1(z*+1—mkp)

where the integral in £ is in the annulus 1/4 < |{| < 4. To estimate J¢ 3 4(T), we focus again on the

vicinity of 1 and call the corresponding contribution Jg 3 q(T ). We now use the same decomposition
as before for the estimate of the L® norm, which yields

+ +
Tiag@ = Y I (T
0<k<N

2
- >/ TG KB (_oule| 20 ar
0Re N 2 aIEles<|T—1|<eg€|26+ 1+ 224+1(224+1—-mgg)

Let us estimate |]8§‘Jg37q(T)HLoo for |of < d+1.
By (4.23), we have that for 1/4 < || < 4, 284|¢les < |7 — 1| < g3]€|2M 19 or |7 — 1] < 52219
for k=0,
224

mgp(—024¢|, 7,29¢) = (o[~ in)? <3Hu§ €+ €[ ma(—022¢), T, 2q§))

and hence for |7 — 1| <1/2 and [£| < 4, we get

8 (MKE _F
'35 < p (=5629)¢], 7, 2‘15))‘ 5£<zm:+l ‘g (_52(”&’77 2q§))e,

22q+q(£fl)

where we have set B y
g(=027|¢,7,29€) = (2% + 1 — mgp)(—0627|¢], 7, 27€).
Consequently, by using (5.18]) which gives for |£] > 1/4
|g(782q|£|77—7 2q£)| Z 2k+q’

0f (" (-321el m219) )| < 5

we obtain that

In a similar way, we have uniformly in q,

85 (_52q|§| +i7’)2
S\ (=o2a)¢| +iT)2 + 1

Therefore, we obtain that for || < d + 1.

< 1 .
~ 9k+q

2FT4 _§ 24 _5
Ha?JgB,q(T)HL‘” S 92k e T/2 > 2k T/2

The same estimate holds for Jg 3 q(T). By summing over k£ > 0, we get that

1G5 (T 11 S 27607/
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and we finally obtain the claimed estimate of ||G5(¢)||z1 by summing over ¢ < 0 as in the proof of
Lemma
O

End of the proof of Proposition It suffices to recall the expression (5.10) and to gather
the estimates of Lemma Lemma [5.2] and Lemma (taking ¢ small enough). O

5.2.4. Low frequency estimates: singular part. We shall now study Gi defined in (j5.7]), which
corresponds to the dispersive part.

Proposition 5.4. Assuming (1.2)), (1.4), (2.1) and (2.2), 6 can be chosen small enough so that
C
(5.21) IGEW2 < C, NGEW)1e < =7, VE=>1

t2
where C' depends on at most d+ 1 derivatives of the amplitude a4+ and d+ 2 derivatives of the phase
Zy. We also have the more precise structure

(5.22) GL(t) *, - = eTTHE (t, D)

where the operator HZ (t, D) is such that for every k > 0,

(5.23) O HZ(t, D) = HY ), (t, D)x(D)A",

and Hik(t, D) also satisfy the estimates
C

(5.24) IHE (¢, D) p2sre < Oy |HE j(t, D)l s < 2 vt > 1.
2

Proof. We focus on the study of G*_?_, the analysis of G° being similar. The estimate for the L?
norm is just a consequence of the fact that the inverse Fourier transform is an isometry. We recall

rw - 5
Gi(ta) = [ P rrivta rwp (§) de

Since we assume that (2.2]) holds, we can use Lemma from which we deduce that Z, is a
smooth function of the & variable in B(0,100) so that we actually have

S ix- 5
Gi(t,x) = /]R TN ()Y (5) d¢
where the the amplitude

0 (6) = Z(£)?
+ 2Z1(8) — 0.mir(Z4(£),8)

is also a smooth function of €.

To get the decay estimate in L, we shall use that the imaginary part of Z, described in
Lemma provides dispersive properties. Since we have almost no information on the real part of
Z4 (besides the fact that it is non-negative), we shall use a robust version of the stationary phase.
By using Lemma we can write

G (t,x) = " HY (t,2) = e I(t, X), X =zt

where

(5.25) HS(t,2) = I(t, X) = /R )

xOa, (o (3) de
with the phase given by

Ux () = [ @4 (&) + X - € = U (€) +iTK(€).
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Note that W% > 0 and
D% (0) = 2C,1,.
We can take § small enough so that
1
(5.26) DRV (€) > 5Cula > > 0
for || < 104 and hence that for every &1, & € B(0,100),

(5.27) VU (1) — VU (&2)] = olér — &2,

where the lower bound is independent of X. We will rely on the approach of Lemma 3.1 of [§] by
checking that the imaginary part is harmless. We use the operator

d
1 — 1
Liu) = ———=—5- > 0j¥Ux0ju+ ———="r
W) = aravexp ; PEXO T T v
(where | - | denotes in this context the hermitian norm of C%), which satisfies by construction
(5.28) L(e"¥x) = "¥x

and has a formal adjoint L (i.e. [ga Luv = [pa ulo, Yu,v € €°) given by

- 9:Ux PPy 4 2t9.Ux Re(VUx - VO, Ux)
L(u) = — S R S _ I Nk J j
) ; T+ Vo) T ( ; i(1+tVTx|?) ; i(1+ VU x|2)2 )“
1
v

Using (5.28]) repeatedly, we thus get that

1315 [

Rd

D (as0x(5))] de.

for any integer N > 1. We can then check that we get as in the proof of Lemma 3.1 in [§] that
0N = 3 Vo

la|<N
where the coefficients a&N) satisfy on the support of the amplitude the estimate
1
e < C(AN11)———
“ 2V )N

with

A= sup sup [0%Vx|.
£€B(0,56) 2<|a|<k

Note that since Ay involves only derivatives of order larger than 2 of Wy, this quantity is indepen-
dent of X. Then, by choosing N = d + 1, we get

1
I(t,X)| < C(Ay ,AN/ ——
[1(t, X)) (Any1, AN) B05) (3TN

with Ay = sup|q|<n [[0%a+|[L(B(0,5)- To conclude, we just use that

dg

1 1
/ P e——r S/ D e—r
B(0,0) (tz2VWx)N B(0,6) (t2 VWi )N
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We finally observe that by (5.26)), (5.27)), the map £ — VU’ is a diffeomorphism on B(0,§) and
we can thus use the change of variables n = VU’ and apply the bound from below of the Jacobian

provided by (5.26) to get
1
10315 O AY) [ | s 1.5 Ol Av)

1+ tln[)N/2
This yields .

To get (5.23)), it suffices to notice that each time we take a time derivative of HY (see ),
we multiply the amplitude by 4|¢|?¥ (€). Since ¥, is smooth the new amplitude has the same
properties as before. The expression follows by switching from kernels to operators. The
proof is finally complete. U

.
M\m‘ —

6. PROOF OF THEOREM [3.1]

We use , take 5 small enough so that to apply Lemma and the estimates of Proposition
3 and Proposmon and finally apply Proposition [5 Theorem [3.1] follows, with the “regular”
part of the kernel given by

GR=cl +qgr.
7. PROOF OF THEOREM 2.1

From the method of characteristics, if f(¢,z,v) solves (L.3)), then p(¢,z) = [ga f(t,z,v) dv solves
(3.1) and hence (3.2) with
S(t,z) = folx —vt,v) do.
Rd
(

We have the well-known dispersive estimates (see e.g. [2])

1
IS@lzs S W follzs,» 15Oz S Gl follzsre, ¢21,

1
IVS®)llz S *I!fooHLl o IVS@lze S gmiVafolliipe, t21.

We then decompose

(7.1)

p(t,x) = p™(t, ) + p(t,2) + p° (1, 2)
where p®(t,z) (resp. pI ) solves
R =5 + GR *t,w S, pi = Gi *t,m S.

Note from Theorem [3.1] that G¥ verifies the same estimates as the kernel of the linearized screened
Vlasov-Poisson system (see Theorem 2.1 in [I3]). Therefore, we obtain the same result as in
Corollary 2.1 in [13]:

1" )s + " (0) 1z S log(t +1) (I follzs, + Ifollzsze) . VE> 1,

and we shall thus focus on the singular part pJ. We analyse the + case, the other one being similar.
The basic estimate consists in writing, thanks to 1} in Proposition
s o fF 1 < L 1
lpT Oz S | - ——z 1S(s)[[11 ds + IIS )z ds , V> 1,
0 (t—s)2 t2

which does not decay for d = 1,2. Assuming additionally that (v)V,fo € L} ,, ()Vafo € LLLY,
we can improve this estimate by using the refined formula (5.22)). We have

t .
Gf_ kg S = / ez(t_S)Hf(t —5,D)S(s)ds.
0
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By using that i9,e!(*=%) = /(=) we can integrate by parts in time to get
G 10 S = i(HS(0, D)S(t) — HE(t, D)S(0))

t to
+ z/ e’(tfs)atHf(t —s,D)S(s)ds — z/ ez(t*s)HfE(t —5,D)0s5(s) ds.
0 0

To estimate
£1(t) = i(H(0, D)S(t) — HE(t, D)S(0)),

we can use (5.24]) and ([7.1). This yields
1
X1z S — [ follzy -
t2 '
For . .
So(t) = i / =99, HS (¢ — 5, D)S(s) ds — i / I HS (t — s, D)0,S(s) ds,
0 0

we can rely on ([5.23) (since x(D) is a Fourier multiplier with compactly supported symbol, we shall
use that x(D)A can be bounded by x(D)|V|). This entails

[Za(t)e~ 5 |

t

3 1
(t—s)

We therefore need to study decay estimates for 9;S in L' and L?. To this end, observe that
WS (t,x) ==V - J(t, x)

(IVS()llpr + 110651 1) ds + L (IVS()llL2 + [[0:5(s)l £2) ds.

with
J(t,x) = / vfl(t, z,v) dv
R4
where f!(t,z,v) solves the free transport equation
O ft+v-Vaft =0

with initial data fy. As for (7.1)), we get that
1 1
IVI@)llz < 210 Vofollzy . IVI@lle S gz ) Vofollryree-
We thus get by interpolation that

1
105z~ S g ) Vofolles - 105l <

1
10:5@2 S =5 (I0)Vofolly, + 1o

(e

[{v)Vufollrz,

va0||L;Lgo> -

~

Using also ([7.1f), we deduce

Sl 5 (5 [ Adst [ i) (1099 foles, + 100 Vool
~ t% 0 <S> %S%Jrl v L, v LILS

1
< log(1+1) (||<v>vaoHL;7U + ||<U>vvf0||L}EL;3°) :

This finally yields

log(1 4+t
nﬁwuwséid)
2

and the proof of Theorem [2.1]is complete.

(1) Vosollzy,, + 1) Vofollsre)
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8. APPENDIX: RADIAL DECREASING EQUILIBRIA SATISFY THE STABILITY ASSUMPTION (H2)

In this section we shall prove

Proposition 8.1. Let p satisfy (1.2) and (1.4). If u(v) = F (@) with F'(s) < 0, Vs > 0, then
(H2) is verified.

Proof. We study the function 7 + 1 — mgg(it,n) for n € S¥1. By using ([#.10), we get that
mig(iT,n) — 0 when |7| tends to +o00, so that it suffices to study 7+ 1 —mgg(it,n) for bounded
7. We have for v > 0, |n| =1,

+oo .
mrg(z,n) = —/0 e i S e Fu (v Vop) (ns) ds,

k|l
+oo L 2
= —i/ / e~ (FITHImO () )3 (M> dvdt.
0 Rd 2

We then write v = un + w with w € n* = H, so that

+o0
mgge(z,n) = —z/ / —(rtirtiu)ty 3/ < 2) dudt
where

|w|?
8.1) CID(S):/ Fls+ ) qu.
H, 2
This yields

T+ u 3/ u? . u? ’ u?
m zn=—[| ——=u® [ — | du—1 — ¢ | — | du.
K@) /um?+(7+u)2 (2) TRyPTrra? \2

Taking the limit v — 0 (following e.g. [15 Proof of Prop. 2.1]), we get that

u3q)/ u? 9
myp(it,n) = —p.v./ ﬁdu —inr3®’ <T> .

R T+u 2

We then observe that for bounded 7 the imaginary part vanishes only for 7 = 0 and in this case
the real part is equal to

2 2
R Rad— 1 Rd

Therefore 1 — mgg(iT,n) vanishes only for 7 = 0.

Let us now compute d,mgg(0,7) and 0?mgr(0,7). Following the same lines, we first get that

“+o00
0.mig(z,n) = Z/ /te_(wr”““)t 3/ ( 5 ) dudt

e e ()



and therefore

P N SR v s
O.migr(z,n) = Z/]R’Y2+(T+U)28u (u@ <2>>du

+ / ! Oy | uP®’ v d

—_ U — u.
TR uR 2
Taking the limit v — 0 as before, we get

1 u?
0,mggr(0,n) = —i/ — 0 <u3<1>' ()) du.
R U 2

By integrating by parts as before, this yields

2
0.mip(0,7) = z/ ud’ (“) du = 0.
R 2

Finally, for 92mgg(0,7), we have

+oo
8 mrgr(z,n) / / —(rtirtiuty g ( < )) dudt
“+o0o
= z/ / —(y+irtiu) tt62 dudt.
This yields as before

1 u? 1 u? u?
2 =— [ —? 3V | — :/—u 3¢ | — :2/@' %) du.
Ismgr(0,n) /Rua“ <u ( 5 >> du A u28 <u ( 5 >> du A 5 du

By using the definition (8.1)), we thus get that

2mcg(0,m) —2/ F'( 2’ >d # 0

and the proof of the proposition is complete. O
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