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Abstract. — We study the quasineutral limit of a Vlasov-Poisson system that de-
scribes the dynamics of ions in a plasma. We handle data with Sobolev regularity
under the sharp assumption that the profiles in velocity of the initial data satisfy a
Penrose stability condition.

As a byproduct of our analysis, we obtain a well-posedness theory for the limit
equation (which is a Vlasov equation with Dirac measure as interaction kernel), for
such data.

Résumé. — Nous étudions la limite quasineutre d’un systéme de Vlasov-Poisson
qui décrit la dynamique d’ions dans un plasma. Nous travaillons avec des données
a régularité Sobolev sous I’hypothése optimale que les profils en vitesse des données
initiales satisfont une condition de stabilité de Penrose.

Comme corollaire de notre analyse, nous obtenons une théorie d’existence et
d’unicité pour 1’équation limite (qui est une équation de Vlasov avec une mesure
de Dirac pour noyau d’interaction), pour de telles données.
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1. Introduction and main results

We study the quasineutral limit, that is the limit € — 0, for the following Vlasov-
Poisson system describing the dynamics of ions in the presence of massless electrons:

8tf5 + U‘vxfs + Es'vvfs =0,
Ee:*VxVe,

1.1
(1) V.—e?AV. = | fodv—1,
R

fs |t:0 = feo

In these equations, the function f.(¢,z,v) stands for the distribution functions of the
ions in the phase space T x R?, d € N*, with T¢ := R?/(27Z)?. We assumed that the
density of the electrons n. satisfies a linearized Maxwell-Boltzmann law, that is n., =
e¥s ~ 1+ V., which accounts for the source —(1+ V%) in the Poisson equation. Such a
model was recently studied for instance in [19, 20, 21, 11]. Though we have focused
on this simplified law, the arguments in this paper could be easily adapted to the
model where the potential is given by the Poisson equation —2AV, = fRd fodv—eV=.

The dimensionless parameter ¢ is defined by the ratio between the Debye length
of the plasma and the typical observation length. It turns out that in most practical
situations, € is very small, so that the limit € — 0, which bears the name of quasineu-
tral limit, is relevant from the physical point of view. Observe that in the regime of
small e, we formally have that the density of ions is almost equal to that of electrons,
hence the name quasineutral. This regime is so fundamental that it is even sometimes
included in the very definition of a plasma, see e.g. [8].

The quasineutral limit for the Vlasov-Poisson system with the Poisson equation

(1.2) fEZAVE:/ fgdvf/ f-dvdz,
R4 T4 xR4

that describes the dynamics of electrons in a fixed neutralizing background of ions is
also very interesting. Nevertheless, we shall focus in this paper on the study of (1.1).
The study of (1.2) combines the difficulties already present in this paper linked to
kinetic instabilities and those related to high frequency waves due to the large electric
field that, do not occur in the case of (1.1). The study of the combination of these
two phenomena is postponed to future work.

It is straightforward to obtain the formal quasineutral limit of (1.1) as e — 0: we
expect that e2AV, tends to zero and hence if f. converges in a reasonable way to
some f, then f should solve

Of +v-Vof + E-V,f =0,
(1.3) E=-V.p, p:/ fdv,
R4
f|t:0:f0~
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This system was named Viasov-Dirac-Benney by Bardos [1] and studied in [3, 2]. It
was also referred to as the kinetic Shallow Water system in [20] by analogy with the
classical Shallow Water system of fluid mechanics. In particular, it was shown in [3]
that the semigroup of the linearized system around unstable equilibria is unbounded
in Sobolev spaces (even with loss of derivatives). This yields the ill-posedness of (1.3)
in Sobolev spaces, see in particular the recent work [24]. In [2], it was nevertheless
shown in dimension one, i.e. for d = 1 that (1.3) is well-posed in the class of functions
f(z,v) such that for all z € T, v — f(z,v) is compactly supported and is increasing
for v < m(t,x) and then decreasing for v > m(t, z), that is to say for functions that
for all z have the shape of one bump. The method in [2] is to reduce the problem to
an infinite number of fluid type equations by using a water bag decomposition.

The mathematical study of the quasineutral limit started in the nineties with pi-
oneering works of Brenier and Grenier for Vlasov with the Poisson equation (1.2),
first with a limit involving defect measures [7, 14|, then with a full justification of the
quasineutral limit for initial data with uniform analytic regularity [15]. The work [15]
also included a description of the so-called plasma waves, which are time oscillations of
the electric field of frequency and amplitude O(%) As already said, such oscillations
actually do not occur in the quasineutral limit of (1.1). More recently, in [22, 23],
relying on Wasserstein stability estimates inspired from [25, 29], it was proved that
exponentially small but rough perturbations are allowed in the main result of [15].

In analytic regularity, it turns out that instabilities for the Vlasov-Poisson system,
such as two-stream instabilities, do not have any effect, whereas in the class of Sobolev
functions, they definitely play a crucial role. It follows that the quasineutral approx-
imation both for (1.1) and (1.2) is not always valid. In particular, the convergence of
(1.1) to (1.3) does not hold in general: we refer to [16, 21].

Nevertheless, it can be expected that the formal limit can be justified in Sobolev
spaces for stable situations. We shall soon be more explicit about what we mean by
stable data, but this should at least be included in the class of data for which the
expected limit system (1.3) is well-posed. The first result in this direction is due to
Brenier [6] (see also [31] and [20]), in which he justifies the quasineutral limit for
initial data converging to a monokinetic distribution, that is a Dirac mass in velocity.
This corresponds to a stable though singular case since the Dirac mass can be seen
as an extremal case of a Maxwellian, that is a function with one bump. Brenier
introduced the so-called modulated energy method to prove this result. Note that in
this case the limit system is a fluid system (the incompressible Euler equations in the
case of (1.2) or the shallow water equations in the case of (1.1)) and not a kinetic
equation. This result is coherent with the fact that the instabilities present at the
kinetic level do not show up at the one-fluid level, for example the quasineutral limit
of the Euler-Poisson system can be justified in Sobolev spaces as shown for example
in [9, 28], among others.
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For non singular stable data with Sobolev regularity, there are only few available
results which all concern the one-dimensional case d = 1.

— In [21], using the modulated energy method, the quasineutral limit is justified
for very special initial data namely initial data converging to one bump func-
tions that are furthermore symmetric and space homogeneous (thus that are
stationary solutions to (1.1) and (1.3)). It is also proved that this is the best
we could hope for with this method.

— Grenier sketched in [16] a result of convergence for data such that for every x
the profile in v has only one bump. The proposed proof involves a functional
taking advantage of the monotonicity in the one bump structure. Such kind
of functionals have been recently used in other settings, for example in the
study of the hydrostatic Euler equation or the Prandtl equation, see for example
[32, 33, 12].

The main goal of this work is to justify the quasineutral limit that is to prove the
derivation of (1.3) from (1.1) in the general stable case and in any dimension. As
we shall see below a byproduct of the main result is the well-posedness of the system
(1.3) in any dimension for smooth data with finite Sobolev regularity such that for
every x, the profile v — fO(z, v) satisfies a Penrose stability condition. This condition
is automatically satisfied in dimension one by smooth functions that for every x have
a “one bump” profile, as well as by small perturbations of such functions.

To state our results, we shall first introduce the Penrose stability condition [37]
for homogeneous equilibria f(v). Let us define for the profile f the Penrose function

+o0 B . :
Pl f) =1 (2n)° / e Otims (7 5 8)(ns) ds,
0 147

for v > 0,7 € R, n € RN\{0}. The normalization factor (27)¢ comes from our
convention for the Fourier transform below. We shall say that the profile f satisfies
the Penrose stability condition if

(1.4) (v,r,n)6(0,+lorl€XRde\{0} PGy, 7.m,£)] > 0.

It will be also convenient to say that f satisfies the ¢g Penrose stability condition for
some cg > 0 if

(1.5) ('\/,T,T])E(O,+lorlf)><R><Rd\{O} PO 70, 5] 2 co.

The non-vanishing of P only has to be checked on a compact subset if f is smooth
and localized enough (for example if f € HZ, o > d/2 with the notation below)
and thus if f verifies the stability condition (1.4) then it also satisfies the stability
condition (1.5) for some ¢y > 0. This condition is necessary for the large time stability
of the profile f in the unscaled Vlasov-Poisson equation (that is to say for (1.1) with
e = 1). Note that it was recently proven in [36, 5] that Landau damping holds in
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small Gevrey neighborhood of such stable solutions, which means that these profiles
are nonlinearly stable and even asymptotically stable in a suitable sense with respect
to small perturbations in Gevrey spaces (see also [10] for Landau damping in Sobolev
spaces for the Vlasov-HMF equations).

Remark 1. — The assumption (1.5) is automatically satisfied in a small data
regime. In a one-dimensional setting, (1.5) is also satisfied for the one bump profiles
described previously. More generally, in any dimension, (1.5) is verified for any radial
non-increasing function (therefore, Mazwellians are included) and there exist more
sophisticated criteria based on the one bump structure of the averages of the function
along hyperplanes. We refer to [36] for other conditions ensuring (1.5). Note that
any sufficiently small perturbation of a Penrose stable profile is also Penrose stable.

Throughout this paper, we consider the following normalization for the Fourier
transform on T¢ and R™ (m will usually be d or d + 1):

Fu)(k) = (27r)_d/ u(z)e”*dy, ke 7,

Td

Flw)(€) = 2m)™™ / wiy)e € dy, € € R™.

m

We will also often use the notation * for F(-). With this convention, the inverse
Fourier transform yields

u(z) = Z F(u)(k)e* e, zeTd,
kezd
wiy) = [ F)eesr s, yer
For k € N,r € R, we introduce the weighted Sobolev norms
1/2

(1.6) I fllaee = D /Td/Rd(1+|v\2)7’|8§8§f|2dvdx ,

lol+[BI<k

where for a = (a1, -+ ,aq),8 = (B, ,Ba4) € N¢, we write

d d
o] = i, 1Bl=) 8,
=1 =1

0% =050, 9Y =00 0.
We will also use the standard Sobolev norms, for functions p(z) that depend only on
x

1/2

(17) ol = lolis = | 32 [ 1omoP da

|| <k
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Setting pe(t,x) := [pa fo(t, 2, v) dv, we introduce the key quantity

(1.8) Nam,2r(t; fo) = 1fell poe (0,00 22m—1) + Il 2(0,), 712m)

where m € N* and r» € R are parameters that will be taken sufficiently large.
Let us finally fix our regularity indices. We define

d d d
(1.9) m0=3+§+100, P0=L§J+1a Tozmax(d72+§)

and we shall mainly work with 2m > mg and 2r > rg.

The main result of this paper is a uniform in e local existence result in Sobolev
spaces for (1.1) in the case of data for which the profile v — f9(x,v) satisfy the
Penrose stability condition (1.4) for every xz. More precisely, we shall prove the
following theorem.

Theorem 1. — Assume that for alle € (0,1], fO € H3™ with 2m > mq, 2r > o and
that there is Mo > 0 such that for all e € (0,1], |f2[lyzm < Mo. Assume moreover
that there is co > 0 such that for every x € T and for every e € (0, 1], the profile
v fO(x,v) satisfies the co Penrose stability condition (1.5).
Then there exist T > 0, R > 0 (independent of €) and a unique solution fe €

C([0,T],H3™) of (1.1) such that

sup NZm,2r(T7 fs) S R

€€(0,1]
and fe(t,x,-) satisfies the co/2 Penrose stability condition (1.5) for every t € [0,T
and x € T4,

As already mentioned, the Penrose stability condition that we assume is sharp
in the sense that it is necessary in order to justify the quasineutral limit for data
with Sobolev regularity, see [21]. By Remark 1, the assumption that for all x € T¢,
v fO(x,v) satisfies the ¢y Penrose stability condition (1.5) is verified if O converges
to a function f© under the form

fo(w,0) = F(z,]v - u(@)*) + g(z,v)

where F' : T¢ x Ry — R, is such that for every =, F(z,-) is non-increasing, u
is a smooth function and g is a sufficiently small perturbation (in H2 for s > 2
and o > d/2). This class includes in particular small perturbations of smooth local

p(z) v — u(z)|”
o) = epore ()

Note also that though it is not stated in the Theorem, the solution f. remains in
H3™ on [0, T]. Nevertheless, the H3™ norm is not controlled uniformly in €, only the
quantity Noy, 2, (T', fe) is.

Maxwellians:
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From this uniform existence result, we are then able to justify the quasineutral
limit for (1.1).

Theorem 2. — Let fO € H3™ satisfying the assumptions of Theorem 1. Assume
that in addition there is fO € L?(T¢ x R?) such that fO — f° in L?(T? x RY). Then,
on the interval [0, T] with T > 0 defined in Theorem 1, we have that

sup || fe — fllz2  Ares, +sup [|pe — pllzzare —res0 0
(0,7] ' ' (0,17

where f is a solution of (1.3) with initial data fO such that f € C([0,T], Ha™ 1),
p = [ga fdv € L*([0,T], H*™) and that satisfies the co/2 Penrose stability condition
(1.5) for every t € [0,T] and x € T?.

As a byproduct of our analysis, we obtain local well-posedness for Vlasov-Dirac-
Benney, in the class of Penrose stable initial data. Existence is a consequence of the
statement of Theorem 2, while uniqueness is more subtle and is rather a consequence
of the analysis that is used to prove Theorem 1.

Theorem 3. — Let fO € HZ™ with 2m > myg, 2r > 1o be such that for all x € TY,
v+ fO(x,v) satisfies the co Penrose stability condition (1.5). Then, there exists
T > 0 for which there is a unique solution to (1.3) with initial condition f° and such
that f € C([0,T],H2™ 1), p € L*([0,T), H*™) and v — f(t,x,v) satisfies the co/2
Penrose condition for every t € [0,T] and x € T<.

Remark 2. — We have focused on periodic boundary conditions in x. Nevertheless,
our results could be extended to the case x € R without major changes.

2. Strategy

Let us explain in this section the general strategy that we follow in this paper. The
main part of this work consists of Sections 3, 4, 5 and 6 where we provide the proof
of Theorem 1.

Our proof is based on a bootstrap argument, which we initiate in Section 3. The
main difficulty is to derive a suitable uniform estimate for

NQm,QT(Ta fa) = ||f€||Loo((0’T)7H§:‘n71) + HpEHLZ((O,T),Hzm)7

for some T > 0. Note that if we consider data with a better localization in the
velocity space, we could rely on the fact that for all € > 0, there is a unique global
classical solution of (1.1) (see [4]). However, such a result is not useful in view of the
quasineutral limit, since it does not provide estimates that are uniform in e.

Assuming a control of |p.|[z2((0,¢),m2m) for some t > 0, the estimate for
Il /e HLM((OJ)’Hngl) can be obtained from a standard energy estimate (see Lemma 4).
Consequently, the difficulty is to estimate ||pc||2((0,¢),2m). From now on, we will
forget the subscript ¢ to reduce the amount of notation.
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A natural idea would be to use the fact that up to commutators, given f(¢,z,v)
satisfying (1.1), 2™ f evolves according to the linearized equation about f, that is

(2.1) QO™ f + 0 -V, 02 f 4+ 0*E -Vof+ E -V, 0°"f+---=0,

where - - - should involve remainder terms only. One thus has first to understand this
linearized equation. When f = f(v) does not depend on ¢ and z, then the linearized
equation reduces to

(2.2) Of+v-Vof + E-Vof=8, F=-V,(I-e2A,)"" ) fdv,
R

and one can deduce an integral equation for p = fRd fdv by solving the free transport
equation and integrating in v. This was used for example in the study of Landau
damping by Mouhot and Villani [36]. Then by using Fourier analysis (in time and
space) and assuming that f(v) satisfies a Penrose stability condition, one can derive
relevant estimates from this integral equation and thus estimate p in Lf,z with respect
to the source term (without loss of derivatives).

Nevertheless, there are two major difficulties to overcome in order to apply this
strategy in Sobolev spaces and in the general case where f depends also on ¢ and x.

e The first one is due to subprincipal terms in (2.1). This comes from the fact that
we do not expect that 2m derivatives of f can be controlled uniformly in £ (only
2m derivatives of p and 2m — 1 derivatives of f are). In (2.1), there are actually
subprincipal terms under the form 8, F - V,0?™ ! f that involves 2m derivatives of
f and thus cannot be considered as a remainder. The idea would be to replace the
fields 0,,, by more general vector fields in order to kill these subprincipal terms.
However, since these fields have to depend on x, they do not commute with v -V,
anymore and thus we would recreate other bad subprincipal terms. A way to overcome
this issue consists in applying to the equation powers of some well-chosen second
order differential operators designed to kill all bad subprincipal terms. This family of
operators is introduced and studied in Lemma 5 and in Lemma 6.
In dimension one, the relevant operator is of the form

L := Opg + 9050y + 0y,
with (¢, 1) satisfying the system
(O +v-Vyo+E-Vy,)p=0,E+ (zero order terms), ¢|i=¢o =0,
{ (Ot +v-Vy+ E-V,)¢ =@, E+ (zero order terms), 9|—o =0,

this system being designed to kill the bad subprincipal term.

In dimension d, we obtain in a similar way some relevant operators (L; ;)i<i j<a. By
applying these operators to f, we obtain for all I = (i1, ,im),J = (J1, " ,Jm) €
{1,---,d}™, the functions

Jr.0 = Liy g, Lip jn f
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that satisfy two key properties. First, they can be used to control p in the sense that

/Rd f[J dv = 8§(I’J)p + R,

where 9% (4,

is of order 2m and R is a remainder (that is small and well controlled
in small time), see Lemma 7. Furthermore, f; ; evolves according to the linearized

equation about f at leading order, that is
Oiftg+v-Vafrg+E-Vofi s +000IE .V, f+-.- =0,
where - - - is here a shorthand for lower order terms that we can indeed handle.

e Since f depends on x, there is a nontrivial electric field E in the above equation
and we cannot derive an equation for the density just by inverting the free transport
operator and by using Fourier analysis. We shall thus first make the change of variable
v — ®(t,z,v) in order to straighten the vector field

O+v-Vo+E-V, into 0+ ®(t,z,v) Vg,
where ®(t,x,v) is the vector field satisfying the Burgers equation
0P+ DV, o=FE, P|1—g=0,

and is close to v in small time. By using the characteristics method, and another near
identity change of variable, we can then obtain an integral equation for the evolution
of (aS(I’J)p),,J that has nice properties (see Lemma 13 and Lemma 14). For this
stage, we need to study integral operators under the form

Ko (F)(t,2) :/0 /(V$F)(s7x—(t—s)v)-G(t,s,x,v) dvds.

Note that K¢ seems to feature a loss of one derivative when acting on F', but we prove
that it is actually a bounded operator on Lf’x, provided that G(t,s,z,v) is smooth
enough and localized in v, see Proposition 2. This is an effect in the same spirit as
kinetic averaging lemmas (see e.g. [13]). We essentially end up with the study of the
integral equation (with unknown h(t,x))

h =Ky, (I —e*A;)" (h) + R,
where R is a remainder we can control.

e The last step of the proof consists in introducing a parameter v > 0 (to be chosen
large enough) and conjugating the integral equation by e, which leads to the study
of the operator
(I—e MKy, po(I—e’Ay) ).
We finally relate this operator to a semiclassical pseudodifferential operator whose
symbol is given by the Penrose function P(v, 7,7, f2(x,-)) (see Lemma 15). We refer
to Section 8 for definitions and basic facts of pseudodifferential calculus.
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We therefore observe that the Penrose stability condition (1.4) can be seen as a
condition of ellipticity of this symbol. We can finally use a semi-classical pseudodiffer-
ential calculus (with parameter) in order to invert (I — e "' Ky, jo(I —e?A,)"te)
up to a small remainder, which yields an estimate for 92"p in L7, as achieved in
Proposition 3. This is where choosing v large is useful. Note that this part of the
proof is very much inspired by the use of the Lopatinskii determinant in order to
get estimates for initial boundary value problems for hyperbolic systems (see e.g.
[27, 34, 30]) and the use of the Evans function in order to get estimates in singular

limit problems involving stable boundary layers (see e.g. [35, 17, 18, 38]).

Combining all these a priori estimates, we end up with the inequality stated in (6.1),
which gives a good control of Ny, o (T, f). It is then standard to conclude by a
bootstrap argument, see Section 6.

In Section 7, we provide the proofs of Theorems 2 and 3. Theorem 2 follows from
Theorem 1 and compactness arguments. Then, the existence part in Theorem 3 is a
straightforward consequence of Theorem 2. The uniqueness part needs a specific anal-
ysis, which is performed in the same spirit as the way we obtained a priori estimates,
see Proposition 4 and Corollary 2.

The last section of the paper is dedicated to some elements of pseudodifferential
calculus which are needed in the proof.

3. Proof of Theorem 1: setting up the bootstrap argument

For the proof of the estimates that will eventually lead to the proof of Theorem
1, we shall systematically remove the subscripts ¢ for the solution f. of (1.1). The
notation A < B will stand as usual for a < C a where C is a positive number that may
change from line to line but which is independent of ¢ and of a,b. Similarly, A will
stand for a continuous function which is independent of ¢ and which is non-decreasing
with respect to each of its arguments.

3.1. Some useful Sobolev estimates. — Before starting the actual proof, let us
state some basic product and commutator estimates that will be very useful in the
paper. We denote by [A, B] = AB — BA the commutator between two operators. We
shall also use in the paper the notation || ||z =~ for the standard Sobolev norm on L?
for functions depending on (z,v). In a similar way we will use the notations I lwe.oe
and || - ||Wf,go for the standard Sobolev spaces on L for functions depending on x
and (z,v) respectively.

Lemma 1. — Let s > 0. Consider a smooth nonnegative function x = x(v) that
satisfies |0%x| < Cox for every a € N such that |a| < s.
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— Consider two functions f = f(z,v), g = g(z,v), then we have for k > s/2

(3.1) Ixfollas, S 1 llyeeelIxgllag , + gl xfllag -
— Consider a function E = E(x) and a function F(z,v), then we have for any
so > d that
(3.2) IXEF gy S NEmzollxFlla: , + 1Elm X Flla: -

— Consider a vector field E = E(z) and a function f = f(z,v), then we have for
any so > 1+d and for any o, B € N such that || + |8] = s > 1 that

(33) (0000 B@) 9] flle S 1Bl golx g + 1Bl

XfHH;J,

Note that by taking as weight function x(v) = (1+ |[v|?)*%, we can use this lemma
to get estimates in H?% . Note that (3.2), (3.1) are not sharp in terms of regularity
but they will be sufficient for our purpose.

Proof of Lemma 1. — The estimate (3.1) is straightforward, using the pointwise es-
timates on x and its derivatives. To prove (3.2), by using Leibnitz formula, we have
to estimate

X0 EOL O F |1z,
with |a| + || + |7] < s. If |a] < d/2, we write by Sobolev embedding in = that

X0z BOJOY F 1z, SOFEllpe |IXFllms , S 1B o

Y z,v N

IXFllms -
If |a] > d/2, by using again Sobolev embedding in z, we write

XF|lm;

Zu N

1
X0 EO20F 12, < Bl [ sup ooy P o) < 1B
x

since B+ 7|+ 4 <s—|a|+ 2 <s.
To prove (3.3), we proceed in a similar way. By expanding the commutator, we
have to estimate

L, = ||x07E - V,05 705 f|| 1
for 0 < v < o where |a| + 8] = s. If 0 < |y| < 14 £, we write by using Sobolev
embedding in x

Iy S 107 Bll=lIxVo0 707 fliz2 , < IE e

z0

IXfllms,-
If |y > 1+ %, we write by using again the Sobolev embedding in z

3
L £ 0Bl ([ s w0z 0t s as)” < 1Bl sl

since L+ |a| + B — [y =1+s—|y| <s— 4.

We shall also use the following statement.
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Lemma 2. — For every s > 0, o, 3 € N?? with |a| + |8| < s, and x(v) satisfying
the assumptions of Lemma 1, we have for all functions f = f(x,v), g = g(x,v), the
esttmate

1
(3-4) 105 f 02 ugllzz < ||;f||Lf>°

x9lms , + lIxgllLee

s .
T,V T,v x,v x,v

1
—flla
X

Proof of Lemma 2. — Tt suffices to notice that since y and 1/x satisfy that |0%¢| < ¢
for every |a| <'s, it is equivalent to estimate

o, (if) 9%, (xa)

with &, 3 that still satisfy ||+ |3| < s and the result follows from the standard tame
Sobolev-Gagliardo-Nirenberg-Moser inequality. O

L2

3.2. Set up of the bootstrap. — From classical energy estimates (that we shall
recall below, see Proposition 1 and its proof), we easily get that the Vlasov-Poisson
system is locally well-posed in H3™ for any m and r satisfying 2m > 1 + d and
2r > d/2. This means that if fO € H2™, there exists T > 0 (that depends on ¢) and
a unique solution f € C([0,T], H3™) of the Vlasov-Poisson system (1.1). We can thus
consider a maximal solution f € C([0,T*), H3™). Note that since 2r > d/2, we have
for every T € [0, T*),

1
(3.5) o220, 1), 2y S T2 [Souzl?] Hf”?—tgfj“

and hence Noy, o, (T, f) (recall (1.8)) is well defined for T < T*. From this local
existence result, we can thus define another maximal time T (that a priori depends
on g) as

(3.6) T¢ = sup {T €[0,7%), Nomoar(T,f) < R}.

By taking R independent of € but sufficiently large, we have by continuity that T¢ > 0.
Our aim is to prove that R can be chosen large enough so that for all € € (0,1], T° is
uniformly bounded from below by some time 7" > 0. There are two possibilities for
Te:

1. either T° =T,

2. or T¢ < T* and Nap, 2-(T°, f) = R.
Let us first analyze the first case which is straightforward. If T¢ = T* = 400, then
the estimate Moy, 2-(T, f) < R holds for all times and there is nothing to do. We
shall soon show that the scenario T° = T* < 400 is impossible by using an energy
estimate.

We shall denote by T the transport operator
(3.7) T:=0+v-Vy+E-V,,
where E is the electric field associated to f, that is B = —V(I —2A) " ([oq fdv—1).
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We first write an identity (that follows from a direct computation) which we will
use many times in this paper.

Lemma 3. — For o, 3 € N%, we have for any smooth function f the formula
d )

(3.8)  02ON(Tf) =T(00Lf) + Y 15,005,000, f+ (0205, E-V,] f,
i=1

where BZ is equal to B except that Bz =p3; — 1.

The HZ™ energy estimate reads as follows.

Proposition 1. — For any solution f to (1.1), we have, for some C > 0 independent
of €, the estimate
1 1
(3.9) sup [|f()13zn < 1fN5gm exp |C (T + =(T%)2R )|,
[O,TE) 2r 2r £

where T¢ and R are introduced in (3.6).

Proof of Proposition 1. — For f satisfying (1.1) and thus 7 f = 0, we can use the
commutator formula (3.8), take the scalar product with (1 + [v]?)270208 f, and sum
for all |a| + |8] < 2m. By using (3.3) with s = 2m, x(v) = (1 + |[v|?)” and sy = 2m
(recall that 2m > 1+ d), we get

Ix [0, B () - V] flla S WE e | F gy
By Cauchy-Schwarz we thus have
[ xlez0t.E@)- 9] £ xez0Ls| S [l
We end up with a classical energy estimate

d
1 B S 11z + NE 2 £ g

By using the elliptic regularity estimate for the Poisson equation which gives

iz

1
1Bl zzm = VeV llzzm < Zllollr2m,

~

we get that for ¢ € [0,7¢) and for some C' > 0 independent of ¢,

t
1
17y < 1B+ [ (2ol +1) 176y

for some C > 0. Consequently, from the Gronwall inequality, we obtain that

1 1
sup 1F Oz < 1FlF2m exp [C (TE +-(T7)z ||p||L2<[o,Tf),H2m)ﬂ
1
< 1B o0 [ (774 2T N 771 ) |

from which, since sz,gr(TE, f) < R, we get the expected estimate.
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In particular, if T¢ = T < 400, we have, according to Proposition 1,
1 1
s 1FO3zn < 1F°15zm exp [C (Tf + E(TE)QR)] < +oo0.
0,T* T !
This means that the solution could be continued beyond 7™ and this contradicts
the definition of T*; as a consequence, this case is impossible.

Therefore, let us assume from now on that 7¢ < T* and Nap, 2.(T¢, f) = R.
We shall estimate Ngm, or(T, f) and prove that for some well chosen parameter R
(independent of €), there exists some time 7% > 0, small but independent of ¢, such
that the equality

NZm,Zr(Ty f) =R
cannot hold for any 7' € [0, T#]. We will then deduce that T > T#.

To this end, we need to estimate /\/’2m72T(T7 f). In order to estimate the part
||f8HLOC((07T),H§:L71) of the quantity, we can also proceed by using standard energy
estimates. Then the main part of the work will be to control ||pc||z2((0,7),2m) uni-
formly in € by using the Penrose stability condition. Note that we cannot use the
estimate (3.5) to get a control that is independent of ¢ since estimating || f[|3zm in
terms of Noy,, o (T, f) requires the use of the elliptic regularity provided by the Poisson
equation, and thus costs negative powers of ¢.

We end this section with the ’Hg:%l energy estimate without loss in .

Lemma 4. — For2m > 2+d and 2r > d/2, we have for any solution f to (1.1) the
estimate

(3.10) sup || fll2m—1 < 1F°lyzm—1 + T2A(T, R),
[O,T] 2r 2r

for every T € [0,T°) where T° and R are introduced in (3.6).

Proof of Lemma 4. — Let o, 3 € N? with |a| + |3| = 2m — 1. We can use again the
commutation formula (3.8) take the scalar product with (14 |v|?)279202 f, sum for all
|| + 8] < 2m — 1 and use (3.3) with s = 2m — 1, x(v) = (1 + |[v]?)" and sg = 2m — 1
(which is licit since 2m > 2 4+ d). We obtain that

d
(3.11) SN s S U1 ms + Bl | s

Integrating in time we obtain that for every T € [0,T¢], for some C' > 0
T
sup || f[l,zm-1 < ”fO”HZT"*l + C sup || flly2m— TJr/ | E|| grzm-1 dt | .
[O,T] 27 27 [O,T] 27 0
By using Cauchy-Schwarz in time and the crude estimate

(3.12) |E| gzm-1 = [|[VaV || g2zm-1 S ol g2m
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which is uniform in € since it does not use any elliptic regularity, we obtain that

1
oup gzt < 17 lgp—r + OR(T + TAR)

since Noy, 2-(T°, f) < R. This proves the estimate (3.10).

4. Proof of Theorem 1: preliminaries for the estimates on p

4.1. Definition of appropriate second order differential operators. — In
order to estimate the H?™ norm of p, we need to introduce appropriate differential
operators of order 2m which are well adapted to the Vlasov equation in the quasineu-
tral scaling. The usual basic approach is to use the vector fields d,, 0, and thus
to apply 0% with |a| < 2m to the Vlasov equation. The hope is that up to harm-
less commutators, 0% f will evolve according to the linearized equation about f and
thus that we will just have to understand the dynamics of this linearized equation.
Nevertheless, there are unbounded terms arising because of commutators. The main
problem is the subprincipal term OF - V,0?"~!f that involves 2m derivatives of f
and thus cannot be controlled by Ny, o, (t, f) uniformly in €. As already said before,
we could try to use more complicated variable coefficients vector fields designed to
kill this commutator term. But since these vector fields have to depend on z they
would not commute any more with the free transport operator v - V, and thus we
would recreate others bad subprincipal commutators. This heuristics motivates the
analysis of this section. It turns out that the following second order operators (and
their composition) are relevant since they have good commutation properties with
the transport operator T (recall (3.7)).

Lemma 5. — Let (<p;€Jl, z/),i’{)i’j,k’le{l’__ .4y be smooth solutions of the system:
o o o -
Toh=vd+ 0t — D o uehi + 00, B+ 64,00, By,
1<k’ I’<d
(4.1) o . ‘_ 7 /_/ ..
; gk ,
T =— Y et +98h0n B,

1<k’ ,l'<d

where § denotes the Kronecker function. We assume that for all k,l, the matrices
(902’,]1)19}1'301 and (’lp;}l’,]l)lgingd are symmetric. Introduce the second order operators

(42)  Lij= e+ 30 (G000 + 0300 ), i € {1, d).
1<k,l<d
Then for all smooth functions f, we have the formula

(4.3) LijT(f) = TLij(f) 4+ Opa; E- Vo f + Z <P2’§Lk7zf-

k,l
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Proof of Lemma 5. — We have by direct computations
Or oy (TF) = T(@rsa, 1) + Dae, B - Vo + 0n, BV, f + 0, BV, f,
0102, 00 (T f) = T(3100,00,. ) + 057 Owaor f + 00, B - VDo, f) = T(017) 0, 0, .
100 (T ) = T )+ V100, 0 + 00000 ) = T
We can rewrite
S0t = 00 | Liad = D (0 O + 0000 ) 1 ]
Kl

which entails that

LiyT(f) = TLij(f) + Opia; E- Vo f + Z oLt
ol

+ Z Dy O f | =Ty + i + Z wk/-l’(pk,l’l + Ok, 0z, B + 01,i0x, Ei

k,l kU
i,j i kL i,j
+D Ovn] |=TURL = D@k + o0 B
el k!l
We therefore deduce (4.3), because of (4.1). O

We shall now study the Sobolev regularity of the solution of the constraint equa-
tions (4.1).

Lemma 6. — Assume 2m > 2+ d and 2r > d. There exists Ty = To(R) > 0
indepen_dent of € such that for every T < min(Ty,T¢), there exists a unique solution

(50%, ,Zg]l)”kl on [0,T) of (4.1) satisfying
@Zﬁh:o = 1/);2’,%&:0 =0.

Moreover, we have the estimates

(4.4) sup sup, 10y, i) lwee < TEAT,R), p<2m—d/2—2,
i,k
(4.5) sup sup H(<pkl,¢kl)||7_[2m > < T2A(T, R).
(0,77 i,5,k;1

Finally, for all k,1, the matrices (@Z’ﬂ)lgi,jgd and (¢Z7i)1ﬁivj§d are symmetric.

Proof of Lemma 6. — System (4.1) is a system of semi-linear transport equations
that is coupled only via a zero order term. The existence and uniqueness of a smooth
solution can be obtained by a standard fixed point argument and thus we shall only
focus on a priori estimates. Note that the symmetry of the matrices (c,o?cjl)lgz j<d and

(wz:y,jl.)léivjéd for all k,1 is a consequence of the uniqueness of the solution.



QUASINEUTRAL LIMIT FOR VLASOV-POISSON WITH PENROSE STABLE DATA 17

Let us set

M,(T) = sup sup (2% (8), ¥ (0) e
[0,T] 4,5,k,L

We first apply 9297 for |a|+ |B] < p to (4.1) and use again the commutation formula
(3.8). By using the maximum principle for the transport operator T, we get that

T
My(T) S T (1+ My(T)) My(T) + (1 + M,(T)) / IV Ellywo dt.
0
By Sobolev embedding and (3.12), we obtain
T T .
/ IVE| oo dt < / IE| jom-1 dt TR
0 0

since 1 +p+ g < 2m — 1 and hence we find
My(T) ST?R+ (T + T2 R)My(T) + M,(T)?.

Consequently, there exists 79 > 0 independent of € but sufficiently small such that for
1
every T' < Ty satistying (Tp + Ti R) < o, we get the estimate

M,(T) < T*R.

For the estimate (4.5), we apply 9207 with |a| + |8] < 2m — 2 to the system (4.1),
we use the commutation formula (3.8) with the transport operator, multiply by the
weight (1 + |v|?)™" and take the scalar product by 8?85(9% I kjl) as usual. Let us

set

Qem—2(t) = | D (0% kD O30

1,5,k,l
By using
— the product estimate (3.1) with s = 2m — 2, k = s/2 = m — 1, to handle the
quadratic terms in the right hand side,
— the commutator estimate (3.3) with s = 2m — 2, s = 2m — 1(> 1 +d), to
handle the commutators with F,

we obtain for ¢ € [0,T], T' < min(Tp, 7¢) that

||(<Pkl7 i) 5m2 S (1 Mo 1(T)+E)u% 1B r2m 1) Q2m—2 ()

1 S
———F AR T/ m-2.
i (e RIS
Note that since 2r > d, we have that
7TE < E m—1 .
H (1+[v[2)3 ’ JE— [ ||Hg 1
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Consequently, we can sum over i, 7, k, [, and use (3.12) and the estimate (4.4) (since
m—1<2m — % — 2 is equivalent to 2m > 2 + d), to obtain that

S Qun2(t) S (1+ TEAT, R)Qam-2(0) + [l s

The estimate (4.5) thus follows from the Gronwall inequality and Cauchy-Schwarz.

O

We now study the effect of composing L; ; operators. In the rest of this paper, we

shall use upper case letters (like I, J) for multi-indices in {1,--- ,d}™, as opposed to
lower case letters (like 4, 7) for indices in {1,--- ,d}.

Lemma 7. — Assume 2m > 3 +d and 2r > d. For I = (i1, - ,im),J =
(J1,++ ydm) €{1,---,d}™, define

(4.6) fro=LUDf =L, ;L j f

For every T < min(Ty, T¢), we first have that for I,J € {1,--- ,d}™

(4.7) frydv= / D fdy + R =000 p 4 R,
Rd R
with a(I,J) = (ax (I, J))1<k<d, ax(I,J) being equal to the number of occurrences of
k in the set {i1, -+ ,im,J1, " ,Jjm} and R is a remainder satisfying
(4.8) IR Lo (0,1).22) S AT, R).
Moreover, for f satisfying (1.1), we have that fr j solves
(4.9) T(f1.0) + 0D E -V, f+ My, F = Fr g,
where

m
(4.10) F = (fr.o)rieit,..qym, Mg F = Z Z OV ST T
k=11<k',lI'<d
where I+ denotes the element of {1,--- ,d}"™ which is equal to I except for its s-th
element which is equal to t and F = (Fy_j) is a remainder satisfying

(4.11) 1E 2oy 300y < ATLR). VT < min(Ty, T°).

Proof of Lemma 7. — At first, we can expand fr; = Ly, j, -+ L f in a more

e can exp i

tractable form. Let us set U = (@L"jl’m,wal’JB)1§k7l§d71§a,5§m. Then, we can write
2m—2

(412) fro=00"Df+ > > Pl (U)PEL(OU)-- PE (0°U)050" f
s=0 e,a, ko ,ks
2m—2

YA SR SR

s=0 e,a,ko-ks

where the sum is taken on indices such that

(4.13) lel=1,la|=2m—1—s, ko+ k1 +--- ks <m, kg > 1, k1 +2ko+-- - sks = s,
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and for all 0 <p < s, Psk]é,a(X) is a polynomial of degree smaller than k, (we denote
by 0FU the vector made of all the partial derivatives of length k of all components of
U). The existence of an expansion under this form can be easily proven by induction.

We can set
2m—2

R=[ Y X Rt
RY 520 e a, ko, ks
so that we have to estimate [p, R’;"ea **s dv. All the following estimates are uniform
in time for ¢ € [0, T] with T' < min(Tp, T°) but we do not mention the time parameter
for notational convenience.

Let us start with the case where R’e“osak contains the maximal number of deriva-
tives applied to f that is to say when |a] = 2m — 1 so that 2m derivatives of f are
involved. In this case, we have s = 0 and hence

| Réido= [ Pr@)0,0%fdo,

where kg is less than m. We can thus integrate by parts in v to obtain that
AUz | [ 10100
L2 ' Rd L

Consequently, by using (4.4) (since by assumption on m, we have 1 < 2m — 2 — g)
and (3.10) (since 2r > d), we obtain that on [0, T,

ko
» Re707a dv

S AUz, 1 F lzm—-
, :

ko
» Re,o,a dv

< A(T,R).
L2

It remains to estimate the terms for which s > 1. Note that for all these terms the
total number of derivatives applied to f is at most 2m — 1.

e When s < 2m — ¢ — 2, we can use (4.4) to obtain that
1PE2 o (U)PEL o (0U) - PE; o (0°U)l|Lse, < A(T, R)

s,e,0 ENCNeY

and hence we obtain as above that

ko, ks
‘ /Re,s,a dv

e Let us now consider s > 2m —2— g. Let us start with the case where in the sequence
(k1,--- ,ks), the bigger index [ such that k; # 0 and k, = 0 for every p > [ is such
that [ > s/2. In this case, since lk; < s, we necessarily have k; = 1. Moreover, for the
indices p < I such that k, # 0, we must have p < pk, < s/2. Thus, we can use (4.4)
to estimate [|0PU| o=, provided s/2 < 2m — 4 — 2. Since s < 2m — 2, this is verified
thanks to the assumption that 2m > 2 + d. We thus obtain that

ko, ks
/Rw,a dv

< A(T, R)| fllyzn—1 < AT, R).
L2

< A(T,R)
2

/&U%mfm

LZ



20 DANIEL HAN-KWAN & FREDERIC ROUSSET

Next, we can use that

H/aangaaf

1 r
< N|——==0'U 14 |v]?)29°0*
. SV vl et i

S U llggzm—2sup [|(1 + [v]*) 2050° f|| 2.
x

L3

By Sobolev embedding in x, we have

sup | (1 + [0]*)2050° fll 12 < |1 fll32m-
x

as soon as 2m—1> 1+ |a|+ % = 1+2m—1—s+ % which is equivalent to s > 1+ 2.
Since we are in the case where s > 2m — 2 — g, the condition is matched since
2m > 3 4 d. Consequently, by using (3.10) and (4.5), we obtain again that

ko, ks
H/’Re,&a dv

Finally, it remains to handle the case where k; = 0 for every I > s/2. Due to the
assumption that 2m > 3 + d, we have by the same argument as above that since
s < 2m — 2, we necessarily have § < 2m — % — 2 and hence by using again (4.4) we
find

< A(T, R).
12

10'U ||, < AT, R), 1<s/2.
We deduce

S AT, B[ fllgzm-+ < AT, R).

Ko,k
H/RE?S’Q dv

This ends the proof of (4.8).

L3

To prove (4.9), (4.11), we apply L>7) to (1.1) and use the identity (4.3). We get
for m > 2, the expression for the source term Ff ;

(4.14) Frg=—(F\+ Fy + F3 + Fy)
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where
(4.15)
m—1
— . . eee . . 2 . . . e . .
Fl - Lll,]l L“nfkijn—k ((azi’m,fki»l 71-7w1—k+1 E) V'UL'Lm—k«#Z».%nfk«l»Q L'Lm,vjm f)a
k=2
(4.16)
2 1,J
I = Lihjl T Lim,fhjm,fl (aﬂfqm ,:cij ’ vvf) - agtcx( )E ) vva
(4.17)
m—1
_ U —k415Jm—k+1
F3 = Liv gy Lo Z P 1 Ly L, _ k+2:Jm—kt2 Lim,jmf
k=2 k)/,l/
m—1
Tm m— I ’
— Z Z Ppr l’kﬂ J Rt T (L1 as 5 Im— k151 )f,
k=2 k' I’
(4.18)

F4 — Lil,jl . Lim—l,jmfl E QDZT:EJMLk,lf E SDZmeL(ImA»ky m~>l).
k,l

Estimate of F;. We shall first study the estimate for F;. We have to estimate terms
under the form

(4.19) Fip=L"""G, GnL=0E-V,LF!

where we use the notation L™ for the composition of n L;; operators (the exact
combination of the operators involved in the composition does not matter). Note
that as in (4.12), we can develop L™ under the form

2n—2

(4.20) L"=0g+ % Y PR(UPEL(0U)- - Pl ,(8°U)9;0%,

s=0 e, a, ko--ks

where for all 0 < p < s, Psk, %,a(X) is a polynomial of degree smaller than k,, the
multi-index «,, has length 2n and the sum is taken on indices such that

(4.21) lel=1,|a|=2n—1—s, ko+ k1 + ks <m, kg > 1, k1 + 2ko + - - - sks = s.

Let us first establish a general useful estimate. We set for any fonction G(z,v),

(4.22) L@ @)= Y sl

s,8,KEE

where K = (ko,--- ,ks) and
Tps,p.k (G)(x,v) = PFY(U)PEL(OU) - - Piey(0°U)0°G
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where for all 0 < p < s, Pﬁ B (X) is a polynomial of degree smaller than k, and the
sum is taken over indices belonging to the set E defined by

(4.23) Bl=p—s, ko+ki+ ks <p/2, k1 +2ky+---sks=50<s<p—2.

Lemma 8. — For2m—1>p>1,2m >d+3,2r >d and s, p, K satisfying (4.23),
we have the estimate

(4.24) 1@l < ATR (Gl + > 10U Gllag).
1>2m—4 -2,
I+|a|<p, || 22

Proof of Lemma 8. — For the terms in the sum such that s < 2m — g — 2, we can
use (4.4) to obtain that

[p,s,8,5 (G)llse < AT, R)[| G2z

When s > 2m — % —2, we first consider the terms for which in the sequence (k1, - - - k)
the biggest index [ for which k; # 0 is such that [ < 2m — % — 2. Then again thanks
to (4.4), we obtain that

[Tp,s,8,5 (G)llse < AT, R)[|Gll3z-

When [ > 2m — g — 2, we first observe that we necessarily have k; = 1. Indeed if
ki > 2, because of (4.23), we must have [ < £. This is possible only if 2m — % — 2 <
% < % that is to say m < g + 1 and hence this is impossible. Consequently
k; = 1. Moreover we note that for the other indices I for which ki # 0, because of

(4.23), we must have l~kl~§ s — Uk, so that
- d d
l§8—1§5—2m+§+2§§—1

and we observe that % —1<2m— % — 2. Consequently, by another use of (4.4), we
obtain that

[Ip,5,8,5 (G) [ < AT, R) > [cReel s
1>2m—4¢ -2,
I+|a|<p, |a|>2

The fact that |a| > 2 comes from (4.23). This ends the proof of Lemma 8. O

We shall now estimate F} . Let us start with the case where k£ > m/2. Looking
at the expansion of L™~* given by (4.20), we have to estimate terms under the form
Jop(Gr) for 2p < 2(m—k) < m. We can thus use Lemma 8. Moreover, we observe that
in the right hand side of (4.24), we have that | < 2(m — k) —2 < m — 2, consequently,
by assumption on m, we have | < 2m — % — 2 and hence we can estimate ||0'U||
by using (4.4). This yields

[FLEll < AT, R)||Gelly20m-00, k= m/2.
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Next, we use (3.2) with s = 2(m — k) and so = 2m — 3 (> d), and the definition of G},
in (4.19) to estimate the above right hand side. Since d + 2 < 2m — 1 by assumption
onm and 2(m — k) +2 < 2m — 1 (since k > 2), we obtain

(4.25)

[T WAIE7

< AT, R) (| B ram=1 [ Vo L* " fllyzimsr + [ Bl rzen-w42 [ Vo LP 7 ] 20m10)

< AT, R)| Bl o[ Vo L F L
By using again (3.12), this yields

1FL sl 22,7170 < AT, RV LML 0.y gz

To estimate the above right hand side, we need to estimate ag’yLk_lf with |y] <
2m — 2k + 1. By taking derivatives using the expression (4.20), we see that we have

to estimate terms under the form J,(f) with p < 2m — 1. Using Lemma 8, we thus
obtain that

11 k[ 22 ([0,77,210)

< AT, R)(”fHLOC([QT],Hi’"_l) + > HaanafHL“([O,T],HQ))

1>2m—4¢ -2,
I+]a|<2m—1, |a|>2

To estimate the right hand side, since |a| > 2 and |a] —2 41 < 2m — 3, we can use
(3.4), to obtain that
10U+ [01*)20% fllzz , S U llzzm—s (L +[0*)70* fllzoe + Ul [lfllzzm-1-
By using again (4.5), (4.4) and the Sobolev embedding, we finally obtain that
(4.26) [Ev kL2 go.11,0) < AT RSNl oo g0,y 22m-1) < AT, R), k= m/2.

It remains to handle the case k < m/2. Again, by using (4.19) and the expansion
(4.20), we first have to estimate terms under the form Jy(,,—x)(Gr). By using again
Lemma 8, we first obtain

(FEW

ILQ([O,T],HQ)

< AT B (162 o 1m0 + > 1000 Gllaxomy e ).

1>2m—$%-2,
I+]a|<2(m—k), || >2

By using the expression in (4.19) for G, we have to estimate terms under the form
[0'U0P0*E 07V L fla40

with { > 2m — 4 — 2 and [ + |8 + |y| < 2(m — k). Note that this implies that
1] <2(m—k)—1 < 44+2—2k < % —2since we have k > 2 (see (4.15)). In particular



24 DANIEL HAN-KWAN & FREDERIC ROUSSET

this yields |8] + 2 + g < 2m — 2 and thus by using again the Sobolev embedding (in
x) and (3.12) we obtain that

[0UD° 92 B0, L5 fllg < llpllgam [0 U871
S lly2m— [0V OV L fllag0
< A(T,R)||0'UV, L* ! fl340.
Thus it remains to estimate [|0'UYV,L* 1 f|l30 for I > 2m — ¢ — 2 and I + |y| <
2(m — k). By using again (4.20), we can expand 9"V, LF~1f as an expression under
the form Jop44—1(f). Since we have that 2k 4 |y| =1 < 1+ % < 2m — % — 2, we can
use (4.4) again to estimate all the terms involving U and its derivatives in in L*°, this

yields
10UV L fllae < MT,R)D 0V fllage

with |¥] < |y|+2k—1 and thus I+|5| < 2m—1 and |f~y|V2 2 (since k > 2). Consequently,
by using again (3.4), we obtain that

10007, L5 g < AT R) (1011w 1 gz + N0+ 102 02 2z, Ul m s
and we conclude finally by using (4.4), (4.5) and the Sobolev embedding that

(4.27) £kl 2 (0,1,20) < AT, R), k< m/2

(actually for this case we even have a slightly better L in time estimate). Looking
at (4.26), (4.27), we have thus proven that

(4.28) | F1ll 22 (jo,17,10) < AT, R).
Estimate of F5. We shall now turn to the study of F,. By using (4.20) again, we
can expand F5 under the form
F=C+ Z J2m73(85<62E ’ va))?
le]=1

where Jo,,—3 was defined in (4.22) and with
¢ = oo (32 E- va) ~ 2 DE. v, f =020 v, f] - 02

Lim sTjm Lim sTjm

where I = (iy,-- ,im-1),J = (j1, - ,jm_1) and thus a(I,J) has length 2m — 2.
Note that this time, we have really used that in the expansion (4.20), the terms in
the sum always involve at least one v derivative. By using Lemma 8, we get that

[ ams(0(0*E - T Dl < AT, ) (1105 (0% - Vo )2

+ 3 |0' U805 (0*E - Vuf)l\m)-
1>2m—4 -2,
I+|a|<2m—3, |a|>2



QUASINEUTRAL LIMIT FOR VLASOV-POISSON WITH PENROSE STABLE DATA 25

To estimate the first term, we can use (3.2) and (3.12) to obtain that

100 (*E - Vo f)ll3y2m-s < 0B - 8; fllz2m-s < 1 El|rzm—1 | fllg2m—1
and hence we can take the L? norm in time and use (3.12) to obtain that
(4.29) 105 (0% E - Vo)l L2 0,7y, m2m-2) < AT, R).

To estimate the terms in the sum, we use again (3.4), (4.4) and the Sobolev embedding
to write

10'0°0,(E - Vo f) g
SNUNL= 100 E - Vo f)lzm-s + (1 + [*) O*ED £l e 1U [l32m—s
< AT, R) 0,02 - V) gz s + AT, R)|02E 1
Therefore, we get from (3.12) and the Sobolev embedding in = a bound by
(1+10,(0°E - Vo PllL2o,11,32m-2)) AT, R).
By using (4.29) (which is still true with  changed into 2r), we finally obtain that
(4.30) [2m—3(00(0*E - Vo )| 22 f0.17.20) < AT, R).

It remains to estimate C. By expanding the commutator, we have to estimate terms
of the form [|(1 + [v[*)200V,f - 00?E||12  with [B| + |y| < 2m — 2,8 # 0. If
Iv|+2+ ¢ < 2m — 1, by using Sobolev embedding in 2 and (3.12), we obtain

10+ o) 00V o f - 036%Ellaomaz ) < AT RIS | ooy, < AT, R).
Otherwise, since || + 1 + % <24d<2m—1and |y|+2<2m — 1, we get that
1L+ 10?200V, f - OBl L2o.11.22 )

< sup sup (/ I(1+ ‘U|2)%5’£va‘2 d”) ’ ||E||L2([0,T],H§m*1)
[0,T] = R
< A(T,R).
We have thus obtained that
IClIz2 (10, 77,20) < A(T, R).
By collecting the last estimate and (4.30), we actually get that
(4.31) HFQHL?([O7T]”;.L9‘) < A(T, R).

This ends the proof of (4.11).
Estimate of F3 and F4. By using similar arguments, we also obtain that

(4.32) 15122 (0, 17,m0) + [1Fall 2o, 77,0y < AT, R).
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4.2. Straightening the transport vector field. — We shall now study the equa-
tion (4.9) and try to get an estimate of fRd f1,s dv which, in view of (4.7), can be used
to estimate 92™p. The next step consists in using a change of variables in order to
straighten the transport vector field and more precisely to come down from the full
transport operator 7 to a twisted free transport operator of the form

O+ O(t,z,v) - V.
This is the purpose of the following lemma.

Lemma 9. — Let fr j be a function satisfying the equation (4.9). Consider ®(t,z,v)
a smooth solution to the Burgers equation

(4.33) 0P+ -V, o=F,

such that the Jacobian matriz (V,®) is invertible. Then defining

(4.34) 91,7, x,v) == fr ;(t,z, D),

we obtain that gr ; satisfies the equation

(4.35) Oyg1,0+® - Vagr s+ 0 TDE (Vo f)(t, 2, @)+ My (t, 2, )G = Fr ;(t, 2, ),

where G = (Gr,7)1,7, (I, J) are defined in the statement of Lemma 7 and My j, Fr 5
are defined in (4.9).

Proof of Lemma 9. — This follows from a direct computation. Using the equations
(4.9) and (4.33), we can check that

Oegr.g +®-Vagr g +02UDE (Y, f)(t,2,®) + My (t,x,®)G
=Fry(t,z,®) + {(V,®) 'Vygrs - (0@ +® -V, &~ E).

This yields (4.35), because of (4.33). O

We shall now establish Sobolev estimates for the solutions of the Burgers equation
(4.33). Choosing the initial condition ®|;=y = v, we will obtain a control on the
deviation from v in Sobolev norms and in particular, observe that ®(¢,x,v) remains
close to v for small enough times.

Lemma 10. — Assuming that 2m > 3+ d, there exists Ty = TO(R) > 0 independent
of € such that for every T < min(TO,TmTE), there is a unique smooth solution on
[0,T] of (4.33) together with the initial condition ®|i—g = v.

Moreover, we have the following uniform estimates for every T < min(To,To,TE)
(4.36)

sup ||® — vl| k.0 + sup ST%A(T,R)7 k<2m—d/2—1.
] x,v

[0,T [07T]H(1+|U|2)§ t HWL“,UL“’
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Furthermore, we also have that for every |a| <2m —1 and |8] < 2m — 2,

92 ,0,®|| < TEA(T,R).

4.37) supsup||d; ,(® — v)|rz + sup sup H
( ) [0,1] v H ’ ||Lz 0,77 v (1+|’U|2)%

L3
Proof of Lemma 10. — Let us set ¢ = ® — v. We observe that ¢ solves
Qo+ (v+9¢) Vep=E

with zero initial data. For any o € N2¢, applying 0 to the equation, we get that
0%¢ = 0y ¢ satisfies

(4.38)
00" +v- V.00 + 0 Vad"6 = 0B~ | 3 03,0°6-V0'9] ~ [0°,0] - Vao.
B+v<a
hEaled

Let us set M (1) = supo 1 [y #.00. Using L estimates for the transport oper-
ator, we obtain from (4.38) that '

M(T) ST+ MT)MAT) + [ Bl

Since k + % < 2m — 1, we get by Sobolev embedding in the x variable and (3.12) that
My(T) < T(1+ My, (T))My(T) + TZ R.
Consequently, for Ty sufficiently small depending only on R, we obtain that
My(T) < T?A(T,R).

This proves the first part of (4.36). For the estimate on the time derivative, it suffices
to use the equation (4.33) and the estimate we have just obtained.

It remains to prove (4.37). We proceed by energy estimates. Using (4.38) for
|a| < 2m — 1, multiplying by 0%¢ and integrating in x, we obtain from a standard
energy estimate (v being only a parameter for the moment)

d
i 10%0llz < (1 + [102llz5) Y 10°Glez + 1Bl gzm-s + [ICll 22

|a|<2m—1
where C is the commutator term
C=[ D 3,070 V.00].
B+v<a

yFa

Let us set

Qom1(T,¢) = swpsup (3" 0°0]12 ).

0.7 v * 4 <zm—1
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We can then integrate in time and take the sup in time and v to obtain that
Qam—1(T, d)

T T
< Qo (T, ) <T+ / ||az¢||L;o,vdt>+ / 1Cll e 22 d + T2 o 2oz, przm
0 0

where the last term comes from another use of (3.12). From (4.36), we already have
that

1020l L, < TEA(T, R),

thus it only remains to estimate the commutator term C. For the terms in the sum
such that [3| < 2m — £ — 1, we can use (4.36) and the fact that |y| < |a| to obtain
that

1076 - VO ¢l prz S TEAT, R)Qam—1 (T ).

In a similar way, when |3| > 2m — £ — 1, we observe that 1 + |y| < 4 <2m — 4 — 1
consequently, by using again (4.36), we also obtain that

10°6 - V"l 12 < TEAT, R)Qam—1(T, ).
This yields
[Cllzszz < T*A(T, R)Qam—1(T.6)
and hence that
Qam1(T,6) S (T +TINT, R)Qom—1(T,6) + T* R
By taking T, small enough (depending on R only), we finally obtain that
Qam—1(T.¢) STEA(T, R)

and hence the first part of (4.37) is proven. Again the estimate on the time derivative
follows by using the equation (4.33) and the previous estimates.
O

By a change of variable, we can then easily relate the average in v of f; s to a
weighted average of g; ; and therefore we obtain, using (4.7):

Lemma 11. — We have
(4.39) / g ddv = 020D+ R,
]Rd

where J(t,x,v) := | det V, ®(t, z,v)| and R still satisfies the estimate (4.8).
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5. Proof of Theorem 1: estimate of ||p| 12((o,m2=) by using the Penrose
stability condition

Following the reduction of the previous section (from which we keep the same
notations), we shall now study the system of equations

(5.1)  Bigrs+® - Vagrs + 0N E (Y, f)(t,x,®) + My s (t, 2, )G = S 1,

with G = (g1,7) and Sy j(t,z,v) = Fr 5(t,z, ®(t,x,v)). Note that the equations of
this system are coupled only through the zero order terms My ;(¢, z, ®)G.
Let us introduce the characteristic flow X (¢,s,z,v), 0 < s,t <T

(5.2) WX (t,s,z,v) =0(t, X(t,s,x,v),v), X(s,8,2,v)=u.

Note that the velocity variable is only a parameter in this ODE.
We start with estimating the deviation from free transport (that corresponds to
the case ® = v).

Lemma 12. — For everyt, s, 0 <s<t<T and T, m,r as in Lemma 10, we can
write
(5.3) X(t,s,x,v) =x+ (t —s) (v + f((t, s,m,v))

with X that satisfies the estimate

1

— 9 (9tX(t7S7:L‘,’U)
T+ o)

)

oo
L'J;,v

< T?A(T, R),

(1, X s, + |
(5.4) t,s€[0,T] '

for every |a| < 2m —d/2 —1,|8] < 2m —d/2 — 2.
Moreover, there exists To(R) > 0 sufficiently small such that for every T <
min(Ty, To, To, T°), we have that x — x + (t — $) X (¢, s, x,v) is a diffeomorphism and

that
)

< T3A(T,R),

-02 0, X (t,s,,0)

s s % X(t, s, x, _
i sup (102,505,000 + | ok

(5.5) t,s€[0,T] v

for every |a] < 2m — 1, |B] < 2m — 2. In addition, there exists VU(t,s,x,v) such that
fort, s €[0,T] and T < min(Ty, Ty, Tp, T¢), we have

X(t,s,2,U(t,s,2,v)) =+ (t — s)v
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and the following estimates

1
7186 o¥(t,s,z,v)
L+ o)

)

Ly,
d
<T*AT,R), l|o|<2m—d/2—1,|8] <2m— 52

e )
<TiA(T,R), |a|<2m—1,|8] <2m—2.

sup <||8§"v(\11(t,s,x,v) =)L, + H
t,s€[0,T] '

sup sup (||8§7U(\Il(t, s,x,v) — )|z + H 85’1)8#1/(@ S, %, v)

t,s€[0,T] v

Proof of Lemma 12. — Let us set ¢ = ® — v as in the proof of Lemma 10 and
Y(t,s,2,v) = X(t,s,2,0) —x — (t — s)v. We shall first estimate Y. Since we have

t
(5.7) Y(t,s,x,v) = / o(ryz+ (r—s)v+Y(r,s,z,0),v) dr,

we deduce from the estimates of Lemma 10 that for |a| < 2m — % — 1, we have for
0<s,t<T,

sup [0, Y (¢, s)[| 2,
laf<2m—g -1
t 1
< / TENT,R)(1+  sup  [02,Y(r.8)|L,) dr|.

s la|<2m—£%-1

From the Gronwall inequality, this yields
(58) sup (109, Y (t,9)l| e, < |t = s|ITZA(T, R).

al<2m—2 -1
|| 5

Consequently, we can set X (¢, s, z,v) = Y (t,s,2,v)/(t—s) and deduce from the above
estimate that X verifies the first part of (5.4). To estimate the time derivative, we
go back to (5.7). We use a Taylor expansion to write

10) (T,SU + (T —s)(v+ X(T, s,x,v)),v))
= ¢(s,z,v)+ (1 —5) ((;51(7, s, 2,0) + ¢o(7, 5, 2,0) - (v+ X(7, s,m,v))>
where

o1(7, 8, 2,v) = hd((1 —0o)s+oT,2,v))do,
(5.9) /0

1
¢2(T,S71’,1}):/ qub(T,m—i-J(T—s)(v—&—X(T,s,:E,v)),v)do.
0

By using (5.7), we thus obtain that

X(t,S,J?,’U) = ¢(S,$,U) +

t
/ (r—9)Yi(7,s,2,v)dr

— S
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with
(5.10) Yi(r, s,z,0) = (¢1 (1,8, 2,0) + pa(7,8,2,v) - (v+ X(r, s,x,v))) dr
and thus that

t
(5.11) OX(t,s,x,v) = — 1 )2/(T—S)Yl(T,s,x,v)dT—|—Y1(t,s,x,v).

(t—s
By using (5.8), (4.36) with the same arguments as above, we get that for |5] <
2m — g — 2, the following estimate holds:

< T3A(T,R).

oo
La;,v

1
718’8 Yi(r, s, z,v)
(1+ o2z ™"

This yields (5.4).

We now turn to the proof of the estimate (5.5). Note that from the estimate (5.8)
on Y, we can also ensure that for Ty (that depends only on R) sufficiently small, the
map x — y = x+ Y (t,s,z,v) is a difftomorphism with Jacobian | det V,y| such that
3 <ldet Vyy| <2.

We shall next prove the estimate (5.5). Let us set

Moy —1(t,s) =sup sup HB;"’EY(t, s)||L§.
v |al<2m—1
It will be also convenient to introduce the function g(t,s,z,v) = (x + (t — s)v +
Y (t,s,x,v),v) so that ¢(t,z + (t — s)v + Y (¢,s,2,v),v) = ¢(t) o g(t,s). From (5.7),
we thus obtain that

107 ,Y (¢, )l oo 2

t
S[Y ke oot 02gln o) 09|y 0
S kBB

where the sum is taken on indices such that k < |a] <2m —1, 81 + -+ + Bx = |¢]
with for every j, |5;| > 1 and |B1] < |B2] < -+ < | Bkl

To estimate the right hand side, we first observe that in the sum, if & > 2, we
necessarily have |8j_1| < 2m— £ —1. Indeed, otherwise, there holds |31 |+ - -+ 8| >
4m—d—2 and thus 2m—1 > 4m —d—2 which yields 2m < d+1 and thus is impossible
by assumption on m. Next,

—if k< 2m — % — 1 and k£ > 2 we can write thanks to the above observation,
Lemma 10 and (5.8) that
||(D§,v¢(7)) © 9(7—7 S) : (amﬂ}vg(’ra 8)7 Ty ag,kvg(Tv 8)) HLZ'OLJZE
< D%z, 1057,9(7, 9|, - 1024 9(7, 9)ll Lo, 107 g (7, 5) | Lo 2

< T3 A(T, R)(1 + May,_1(, ).

If £ =1, the above estimate is obviously still valid.
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— if k> 2m — £ — 1, we observe that for every j, [3;| < [B] <2m—1—(k—1) <
1+ g. Thus |B;] < 2m — g — 1 by the assumption on m and we get by using
(5.8) that

107,9(7, 8)llLge, S 1+T +02,Y (7,8) g, S AT, R).

z,v ~

This yields
(D% om0 glr.s) - (0h9(r ).+ Dkg(r o) |
5 || (D];,v¢(T)) © g(T, 5) HLSOL,Z; A(T7 R)
< T*A(T,R).

To get the last estimate, we have used that thanks to the choice of T, we can
use the change of variable y = x + Y (t, s, ¥, v) when computing the L2 norm of
(D ,#(7)) 0 g(7,5) and the estimates of Lemma 10.

By combining the above estimates, we obtain that

t
Map_1(t,s) < (t—s)T%A(T,R)+/ T3 A(T, R)Map,—1 (7, 8) dr.

S

By using again the Gronwall inequality, we thus obtain that
Mo (t,s) < (t— s)TA(T, R)

and thus by using that X(t,s,z,v) = Y(t,s,z,v)/(t — s), we finally obtain (5.5).
To estimate the time derivative, it suffices to combine the above arguments with the
expression (5.11) for 9, X.

To construct V¥, it suffices to notice that the map v — v + X'(t, s,x,v) is for T
sufficiently small a Lipschitz small perturbation of the identity and hence an home-
omorphism on R%. We can define ¥ as its inverse. The claimed regularity follows
easily by using the same composition estimates as above and the regularity of X. O

Define now the tensor M by the formula (MH);; = My H for all I,J €
{1,--+,d}™ (with My ; defined in (4.10)) and for 0 < s,t < T, z € T, v € RY,
introduce the operator M(t, s, x,v) as the solution of

(5.12) OM(t, s,x,v) = —M(t,z, D(t, z,v))M(t, s, x,v), M(s,s,z,v)=1.
Note that by a straightforward Gronwall type argument and (4.4)-(4.36), we have

(5.13)

sup (IMyse + 1Mo + 10y ) SATLR), < 2m = df2 -2
0<s,t<T v z,v v

We shall now show that the study of (5.1) can be reduced to that of a system of
integral equations with a well controlled remainder.
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Lemma 13. — For a smooth vector field G(t, s, z,v), define the following integral
operators K¢ acting on functions F(t,x):

F)(t,x) = / /(VxF)(s,x — (t—s)v) - G(t, s, 2z,v) dvds.

For f solving (1.1) and p = [ fdv, the function 8 p satisfies an equation under
the form

(5'14) ag(IJ)p - Z KH(K,L), (1,J) ((I - 52A)7183(K’L)p) + RI,J?
K,Le{l,- ,d}™

with
(5.15)  Hg,ry, (1,7)

=Mk, 1), (1,0t 5,2 — (t = 8)v,V(s,t,2,0)) (Vo f)(s,2 — (t — 8)v, ¥(s,t,2,0))
x | det V,@(t, x, ¥(s,t, x,v))||detV, U (s, t, x,v)],

and the remainder Ry y satisfies for T < min(Tp, TO, To, T¢) the estimate
(5.16) IRl L2 qo.m,02) S TEA(T, R).
Proof of Lemma 13. — Let us introduce for notational brevity

nit,a,v) = (92D E(t) - Vo (s, @t w,0))

Using the classical characteristics method, we get that G satisfying (5.1) solves the
integral equation

G(t,z,v) = M(t,0,2,v)G°(X(0,t,2,v),v /Emtsmv)S(s X(s,t,x,v),v)ds

- / M(t, 5,2, 0)(s, X (5.1, 2,0), v)ds
0

with G° = (¢7 ;) and S = (S1,5). Hence, after multiplying by J(t,z,v) =
| det V, ®(t, z,v)| and integrating in v, we get that
(5.17)
¢
G(t,z,v)J(t,x,v)dv =Ty +Ip — / M(t, s, z,v)n(s, X(s,t,x,v),v)J(t,x,v)dvds
R? 0
with

Iy := M(t,0,2,0)G°(X(0,t,2,v),v)J (t,z,v) dv,
Rd

t
Ip = — / m(t, S, T, U)S(S, X(87 t,z, U)? U)J(tﬂ Ty 'U) dvds.
R4



34 DANIEL HAN-KWAN & FREDERIC ROUSSET

We shall estimate Zy and Zp. First by using the estimates (5.13) and (4.36), it follows
that for all z € T¢,

‘/ M(t,0,z,0)G°(X(0,t,z,v),v)J(t,z,v) dv

< A(T,R) Z / |g(}’J(X(O,t,:v,v),v)\ dv.
Therefore, we obtain that

1 Zoll 22 ((0,17,22) < A(T, R

S| o000l

L2(0,T)

By using the change of variable in z, y = X (0,¢,2,v) + tv = = — tX(0,t,2,v) and
Lemma 12, we obtain that

97,5 (X(0,8,-,v),0)lz2 < AT, R)llgf (- — tv,v)ll 2 < A(T, R)lg% 5 (-, v)l| 2

and hence, we get from Cauchy-Schwarz that

Fallon.i < THACR) ([ ) Sl

By using again Lemma 10 and the fact that at ¢ = 0 we have that L)) = 3:3(["]) we
get that [|g7 ;llao < A(T, R)||f7 slls0 < A(T, R)||f°]l32m and hence we finally obtain
that
1 Zoll L2 (jo,7),22) < T:A(T, R).
By using similar arguments, we can estimate Zr. Indeed, we can use successively
(5.13), the change of variable z — X (s,¢,z,v) with Lemma 12 and Cauchy-Schwarz
to obtain that

HIFHLQ(OT L2) <ATR HS[] 8 X S, , * )7”)”L§dvd$

L2(0,T)

< A(T,R)

HSI,J(Sa Yy ’U)”L?r d'UdS
Rd

1,0 170
t
/0 15() 1 ds

< AT, R)T ISl 20,17, 70)-

L2(0,T)

< A(T,R)

£2(0,T)

Finally, since Sy 5(t,z,v) = Fy ;(t,z, ®(¢,x,v)), we can use Lemma 10 and (4.11) to
obtain that
ISl z2(0,71,10) < AT, R)||F'llp2(j0,7,0) < A(T R).

We have thus proven that
IZrllz20,1),22) < TA(T, R).
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By using Lemma 11, we eventually obtain from (5.17) and the above estimates
that

t
05" p =Ry —/ /ZW(K’L%(LJ)(t,s,x,U)(@E‘(K’L)E)(S,X(s,t,x,v))
0 v kL

(Vo f) (5, X (5,8, 2,0), ®(s, X (8, t,x,v),0v)) J(t,2,v) dvds
with
(5.18) IRr.llL2o1),22) S T2A(T, R).

Thanks to Lemma 12, we can use the change of variable v = U(s, ¢, 2, w) (and relabel
w by v) to end up with the integral equation
(5.19)

t
oy p =~ / / D (O3B E) (5,2 — (¢ = 5)v) - Hie n, (1,0 (1 5,7, v) dvds + Ro
0 KL

with

(5.20)
Hg ), 1.0y =My, (1,0)(t: 8,2, (s, 8, 2,0)) (Vo f)(s,2 = (t = s)v, U(s,t,2,v))
J(t’ x? Q(87 t’ x? v))j(s’ t? x? v)’
and J(s,t,xz,v) = |det V,¥(s,t,z,v)|, which, recalling the definition of the electric
field E = —V(I — e2A)~!(p — 1), corresponds to the claimed formula (5.14).
O

We shall now study the boundedness of the operators K¢ for functions in
L2([0,T), L%). Although K¢ seems to feature a loss of one derivative in x, we shall
see that if the function G is sufficiently smooth, then K¢ is actually a bounded
operator on L2([0,7],L?). This means that we can recover the apparent loss of
derivative by using the averaging in v, which is reminiscent of averaging lemmas
(note that we nevertheless require regularity on G).

Proposition 2. — There exists C' > 0 such that for every T > 0 and every G with
(5.21)

2 2
Gllz,s,,00 = sup (Z sup._sup ((1+|k|>82<1+s|>81|<fz,vG><t,s,k,s>))
k

0<t<T 0<s<T ¢

< +00,
for s1 > 1, so > d/2, we have the estimate

1K (F)llz2o,m,c2) < ClGIT,s0,50 | Fllz20,m1,22),  YF € L*([0,T], LY).
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Remark 3. — For practical use, it is convenient to relate ||G||1,s,,s, t0 a more
tractable norm. A first way to do it is to observe that if p > 1+ d, o > d/2, we
can find sy > d/2, s > 1 such that

1

2
WHG(L $)|I5es

2
(L4 RD™ (1 + €)™ [(Fan Gt s, R, 6)]) <
and thus we obtain that

1GliTs102 & sup Gt 5)lles-

~
<s,t<

Note that this requires roughly 1 + d derivatives of the function G. In the following,
we shall need only the above Proposition in the following two cases for which we can
reduce the number of derivatives needed on the function G.

— IfG(t,s,z,v) = G(t,z,v) is independent of s, then we have thanks to the Bessel-
Parseval identity that

(5.22) G

Tsi,s0 < sup [|G(1)]lnz
0<t<T

for any integer p such that p > 1+ % and any o, o > %.
— If G(t,t,x,v) =0, since

(L4 [R)*) (1 + €)™ | Feu(G)(E, 5, K, €)])?

=T / (L4 kD™= (14 €D [ Few (0,G) (8,7 K, E))* dr

)

<T ‘/0 (L [KD* (14 €D [ Fa (0,G) (¢, 7 K, E))* dr

we obtain, by using again the Bessel-Parseval identity that

t 2
IGllzeses <TH sup < / 10.G(t, )11 ds)

0<t<T

and hence that

(5.23) |Gll7,51,5, <T sup sup [[0sG(t,s)l|pe
0<t<T 0<s<t

withp>1—|—g anda>g.

Proof of Proposition 2. — By using Fourier series in x, we can write that

F(t,z) =Y Fy(t)e*.

kEZ
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This yields

t
(5.24) KeF(t, x) :/ Zﬁk(S)eik'“’ik~/e*ik'”(t’S)G(t,s,az,v) dvds
0

(5.25) = (27r)d/ > Fi(s)e™ ik - (F,G)(t, 5,2, k(t — 5)) ds
0 %

where F,G stands for the Fourier transform of G(t, s, z,v) with respect to the last
variable. Next, expanding also G in Fourier series in the x variable, we get that

KgF(t,x) Zezkae”x/ k- (Fuw@Q)(t, 8,1, k(t — s)) ds.
Changing [ into [ + k in the second sum, we can also write this expression as
KGF(t,z) = (2r)¢ Zem(z /Ot Fro(s)ik - (FonG)(t, 8,1 — k, k(t — s)) ds).
l k
From the Bessel-Parseval identity, this yields
IK6l2: = 2m)* 3|3 /Ot F(8)ik - (FonG)(t 5,0 — b, k(t — 5)) dsf.
Uk

By using Cauchy-Schwarz in time and k, we next obtain that
t
el £ 3 (X [ IR I (FaaG)ts = k(e = sl ds
1 k

t
S [ FeaG)ltost — k(e = )l ds).
k 0
By integrating in time, this yields
(5.26)
T t .
1K G207, 22) S Z/ / Z |E(8) |k - (FowG)(t, 5,1 — b, k(t — s))| ds dt
l

-sup sup / Z|k (FoG)(t, 8,1 —k,k(t —s))|ds. <T-1I.
I te€[0,T]
For the second term in the above product that is I, we observe that

¢
sup sup / Z |k (FeoG) (s, 0 =k, k(t—s))|ds <
k

U tefo,1)Jo

sup sup sup sup(l + N (FpwG)(t, 8,1 — K / ,
l tem;(w €)*|(Fa G 6l 1+|k| —5 )
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and by choosing s; > 1, since

t “+o00
/ L ds</ ! dr < 400
= . ar
o (L+ k|t = s)[)* o (1+7)

is independent of k, we obtain

t
sup sup /Z|k-(]-"w,UG)(t,s,l—k,k:(t—s))|ds
L telo,T]J0

<sup sup » sup sup(l+[¢])* [(FuoG)(t, 5,1 — k, ).
U te[0,7) T 0<s<t &

Next, by choosing sy > d/2 and by using Cauchy-Schwarz, this finally yields

(1) I1< sup @Oiilif‘gp(“ K™ (L ) [(Fn Otk 6)]) )

It remains to estimate I in the right-hand side of (5.26). By using Fubini, we have

T t
S [ SRR I (Bt~ kbl ) as
1 70 Jo
T . T
:/ Z\Fk(s)ﬁ/ Z|k||(]-}7UG)(t,s,l—k,k(t—s))|dtds
0 k
< IFI2 0., £2) SUP sugt/ Z|k|| (FuwG)(t, 8,1 — k, k(t — s))| dt.

Next, by choosing s1 > 1 and sy > d/2 as above, we observe that

sup sup / Z\k” (Fu0G)(t, 8,0 =k, k(t —s))|dt

k 0<s<T
< /T K S up(1 o+ [€)° [(FanG) 0,5, — b, )] d
su su su v ;S0 — R,
=0t Sy ATkl — ) &7 "
<s S /T K] dt
u u
= 0setr o (LK —s)™

0<s<T s<t<T

X sup sup (Zsup( (14 [m])* (1 + €)* |(FenG)(t, s,m §)|)2> .

Since we have again

sup Ssup / |k| < / <
— dr 00,
k 0<s<T Js (1 |k‘.‘(t 3)) ! 0 (1 + 7 )Sl
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we have proven that
(5.28)
IS HFH%z([o,T],Lg)

1
2

0<s<T s<t<T

x sup sup (ngp(uﬂmwu|§|>81|<fx,vG><t,s,m,s>|)2>

SIFIZ2 0,72

N

X sup (Z sup. sup (<1+m>32<1+|«s|>31|<fz,va><t,s,m,s>|)2>

0<t<T \ 7 0<s<t ¢

We finally get the result by combining (5.26), (5.28) and (5.27).
O

We can then use Proposition 2 to simplify the system of equations (5.14) for p in
Lemma 13.

Lemma 14. — Assume 2m > mg and 2r > ro. For f solving (1.1) and p = [ fdv,

for every I,J € {1,--- ,d}™, the function 8§(I’J)p satisfies an equation under the
form
(5.29) 05" p = Ky, po(I = 2A) 103" p) + Ry,

where the remainder Ry j satisfies
(5.30) B2l 220.m02) S T*A(T. R).
for T < min(To,TO,To, Te).
Proof of Lemma 14. — We keep the same notations as in Lemma 13 and in particular
we use the expression (5.20). We can first write that
(5.31) Hr, oy, k,0)(t,s,2,0) = Hip gy, (k,0)(t t2,0) + H(II_’J)’ (K.,L) (t,s,2,v)
with
H(II’J)’ (K’L)(t, s,x,v) = Her gy, (x,0)(t, 8, 0,v) — Her gy, (k,0) (8 T, 2,0).
Since H(117J)7 (re.p)(t: 1, @, v) = 0, we can use (5.23) in Remark 3 to get that

(Fi9%) (I—*A)71 08B pl| L po.19,2)

1
(I,J), (K,L)

S TStUP ||5sH(11,J), (K,L)(t7 s azllpllez o), m2m)

with p = 1+ po (po being defined in (1.9)) and o such that o > % and 1+ 0 < 2r.
We thus have to estimate sup, ||35H(11,J)’ (.0 (s 8) ||z

Note that, by assumption on m, we have that p + 2 < 2m — %. We use again the
notation

J(t,x,v) = | det(V, @(¢t, x,v))|, J(s,t,z,v) =|det(V,¥(s,t,z,v))|.
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According to (5.13), (5.6), (4.36), we can always put the terms involving 9, ¥, J,
J and their derivatives in L, except when all the derivatives hit J or J. Note that
due to the expression (5.20), to compute d;H', we need the derivative of ¥ and 9
with respect to their first argument so that we actually need estimates of 9; ¥ in view
of our previous notation. This yields

HasH(ll,J), (0t 8) Iz
< AT R) (107l + |1+ 1090

HET?
(5-32) + 3 IVt sz = (t =)o, )05, Vo)t D)l

|al=p

+ \ Vo f(s,2 — (t — s)v, ©)| |a;;)vasj\HHg )

Note that to obtain this estimate, we have used that integrals under the form

I =

/ 9z — v(t — 8), U(s, b, 2, 0))P(L + [v]2)" dedo
Td x R4

with n = o or o 4 1 can be bounded by A(T, R)||g||3,c - Indeed, by setting, v — w =
U(s,t,x,v) and by using Lemma 12 (in particular the fact that the Jacobian of the
change of variable is bounded and the fact that |w — v| is bounded), we get

I < A(T, R)/ lg(X (s, t, 2,w),w)[*(1 + |w|?)™ dedw.
Td xR2
Next, we can use again Lemma 12 and the change of variable x — y = X(s,t, 2, w)
to finally obtain
1< AT R)lgls
Going back to (5.32), we observe that by using the equation (1.1), we get that

<

+1
HE

100V ez + || (1 + [0 2 Vs

1 llgzms
27r

since 2m > mg implies that 2m > 4+ pg. Also, by using again L estimates, we have
for |a| = p,

190 (5,2 = (¢ = )0, 0) 122, Vo))t |
[Vt .2 = = 9.0l 02,0,
< AT R)( (190 (s, = (= )0, )] (02, V2@) (1, W)l

(170 (s~ (= )0, 9] 05,0, 0|, )
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and we estimate the above right-hand side by
o+l
AT, R A+ [0*) = Vo fllze,
x (1002, 72@) b, )laezz + 101 + o) ~02,0.9, W2 ).

Since 2m > 4+py, the above expression can be again finally bounded by A(T, R) by us-

o+1

ing (5.6), (4.37) and the Sobolev embedding in z, v to estimate ||(1+|v|2)Tva||Lg<3v.
We have thus proven that

1K

H(ll,J), (K,L)

(I —2A)71os ) pll p2 o102y S TA(T, R)

and as a consequence, that this term can be included in the remainder.

In view of (5.31) and the above estimate, since

Hgy, (k,0) (6 2,0) = 01,0y, (k,0) Vo f (8 2,0) J (t, 2, 0),
where 0 denotes the Kronecker function, it follows that the integral system (5.14)
reduces to
8?“’”0 =Kv, o) (( — EQA)_lag(I’J))P + R%I,J)
with R(ll’ ;) that satisfies

< T3 A(T, R).

1
HRU“’)‘ L2([0,7],12)

We can further simplify this integral equation by writing
Vo f(t,z,v)J(t, z,v)
= Vof2z,v) + (Vof(t,2,v) = Vo fO(2,0) J(t, 2,0) + Vo fO(2,0)(J(t,2,v) — 1).
Let us set
G(t,,v) = (Vo f(t,,v) = Vo fOa,0)) J(t, 2,0) + Vo fO(2,0)(J (t, z,0) — 1).
By using Proposition 2 and (5.22) in Remark 3, we obtain that
1K (( = 28)71 05" p) | p2o,17,02) < ([S(il;] IG@)lz)llpll 2 10,71, 52m),

withp=1+pg and o > g, 1+ o < 2r. From the definition of G, we find
IGW) Iz S Ve f(E ) = Vol llaz 1T @) llwrse + Vo f 2z 1 (2) = Llwe.oe.

Using the Vlasov equation in (1.1), we write

(5.33) f)—f° :/0 Oif(s)ds = —/0 (v-Vaf(s)+E-V,f(s)) ds.

Since we have 1 +p < 2m — % —1,24p<2m—1, 14+ 0 < 2r, we obtain by using
(4.36) and (5.33) that

sup | G(8) 1z < AT, R) (T sup 94 f |y + TH) < TEA(T, ).
T (0,7

)
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Consequently, we obtain
| K605 p) | L2o,m,02) < T2A(TL R),

and this term can be put in the remainder. Gathering all pieces together, we ob-
tain (5.29) with (5.30). This ends the proof.
O

We therefore proceed with the study of the integral scalar equation
(5.34) h(t,x) = Ky, p0((I — €2A)7*h) + R(t,z), 0<t<T,

where R is a given source term. It will be useful to introduce a positive parameter ~
(which will be chosen large enough but independent of ¢) and to set

(5.35) h(t,x) = eMh(t,x), R(t,x)=e"*R(t,z)
so that (5.34) becomes
(5.36) h(t,z) = e " Ky, (e (I —*A)"'h) + R(t,z), 0<t<T

Without loss of generality, we can assume that R is equal to zero for ¢ < 0 and for
t > T and we shall also set h = 0 for all £ < 0. Note that this does not affect the
value of h on [0,T]. This allows us to study the equation for ¢ € R. Our aim is to
prove that if the Penrose condition is satisfied by f° then we can estimate h in L?’x
with respect to R in L7 .

One first key step is to relate e 77 Ky, jo(e?"-) to a pseudodifferential operator.

The definitions and needed facts of pseudodifferential calculus are gathered in Sec-
tion 8. In this paper, we only consider symbols a(x,v,7,k) on T?x]0, +00[xR x
R4\ {0} with the quantization

(Opg)ult, ) = / T aa, vy, 7, k)a(€) dé
Z4 xR
where d¢ = dkdr and the measure on Z% is the discrete measure.

Lemma 15. — Let us set

(5.37) a(x,¢) = (2m)? / o e~ OIS ik (F Vo fO)(, ks) ds,
0

for ¢ = (y,7,k) € (0,+00) x R x RN\{0}, where again F, stands for the Fourier
transform in the v variable. Then, we have that

e Ky, jo(e7'h) = Opl(h), VheS.

Note that as usual when dealing with pseudodifferential calculus on the torus, we
manipulate symbols defined in the whole space R? in the k variable, though they are
only used for k € Z¢ in the quantization formula.
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Proof of Lemma 15. — Since h is 0 for negative times, we first note that

t

Ky po(eMh) = /

—00

e V(t=s) /th(s, z— (t—8)v) -V, f(z,v) dvds.
By using the Fourier transform in x and ¢, we can write that
h(z,s) = / ¢ F T (k1) dkdr
Ze xR

with the convention that Z? is equipped with the discrete measure dk. This yields

Gi’ytvafo (ewth) =

t
gik-ztTt) e~ (rtin)t=s) [ o=ikv(t=s)ip 7 ¢O(z v)dvds)h(k,7)dkdr
'Uf ) b )

Z4xR

— 0o

that is,
eirytKvaO (thh) =
t
(27 / itk ( / e~ OF ik (F,V, ), b{t — 5)) ds ) (k. 7) didr.
Z4xR —oco
Changing variable in the inside integral, we finally obtain
e Ky, o(e'h) = / e F (2, O)h(k, T) dkdT

Z4 xR

with

+oo )
ofe6) = (n)! [T (R0 ) k) ds

as claimed.
O

Note that a does not actually depend on the time variable ¢t. We shall now prove
that a defined above is a good zero order symbol. The symbol seminorms are defined
in Section 8, see (8.1), (8.2).

Lemma 16. — Consider a(x,(), the symbol defined in (5.37) with ¢ = (v,7,k) =
(v,€), v > 0 and take o > d/2. Then we have that there exists Cpy > 0 that depends
only on M such that

lalaro < CumllfOllpzm, M < 2m -3,
lalara < Cull fOllazm,, M < 2m—4.

Moreover, a is homogeneous of degree zero:

a(z, () =a aci = +7? %)z
(,0) (,@), ©) = (2 + 72 + [KP).
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Proof of Lemma 16. — Let us set G(z,1) = (27)4(F,V,f°)(x,n) so that

“+o0
a(z,C) = / e~ OHTS ik G(x, ks) ds.
0

and

(=10 (O =67+ kD,
Note that we have for o > d/2 and every «a, f, ¢, the estimate
(5.38)

2

o o 1 < 2\o+|8] T 2 0 2 )
(F020i U S T ([ (0 9,08 (= A3 0) L) P

By a change of variable s = §/(() in the integral defining a, we also easily observe
that a is homogeneous of degree zero

a(2,¢) = a <x <<C>) .

Consequently, by using the definition of the symbol norms in the appendix, it suffices
to prove that

(5.39) 1 F2(02a) (-, Ol p2@a poo sy S N0 lzm, |l < 2m -3,
(5.40) [(F202Vea) (s Ollpz@a,roe sy S IO llwzm, . ol < 2m—4.
where S = {¢ = (3,7,k), (() =1,7> 0, k # 0}.

Since we have
~ +w - Y~ ~ ~
(Fod2a)(1.C) = / =GN i (F,02)G (1, ks) ds,
0

by using (5.38) with ¢ = 2, and 8 = 0, we obtain that
(F205a) (1, Q)|

N|=

+oo I
2\o [} _ 0 2 |k|
5</Rd<1+'”'> (FoVa2 (0 = A)f)(1.0) dv) / R

o (83 2 +OO ]'
g(/w(1+|u|2) (]-'zvqﬁz(f—Av)fo)(l,v)|2dv>/0 1+782613.

This yields by using the Bessel identity
1Fe0% all L2@a Lo s4)) S 170N e

and hence (5.39) is proven. Let us turn to the proof of (5.40). To estimate 97 0¢a, we
have to estimate the following two types of symbols

+o0 o N
I¥(z, Q) = /0 e~ OFiDs ¢, 909G (2, ks) ds,

~ +m ~ .~ ~ ~
I3 (z,¢) = / e+ ks BﬁaﬁlG(x, ks) ds
0
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where e; is a unit vector and |8;] < 1. For I{, if |k
way with (5.38) for ¢ = 2, 8 = 0 and obtain

> %7 we can proceed in the same

+oo 1
/ ————ds
o 1+ [kP2s?

D=

£ 005 ([ 04 P .05 - A0

2

< ([ pr imvon - 2Pt

Note that for this argument, we use in a crucial way that |/~€| is bounded from below.

Otherwise since ¢ € S, we have that |7]% + |7]* > 3 and consequently, we can

integrate by parts in s in the integral to obtain that
Foo N
[P 17 (1 O S |(F20;G)(1,0) +/ k[ |[(F2 07V G)(1, ks)ds
0

and hence, by using again (5.38) with ¢ = 2, and || = 1, we finally obtain that
I Fedi |2 ze Lo (s1)) S ||f0||7-tgi';17 laf <2m — 3.

To estimate I§, we proceed as above: if |k| > 1, we rely on (5.38) with ¢ = 3 and
|B] < 1, otherwise we use the same integration by parts argument together with (5.38)

with ¢ = 2,3 and |8| < 2. We obtain
| Feds' || L2z, o0 (51)) S ||fo||7-t§zg27 la| < 2m — 4.

This ends the proof.
O

We can now use symbolic calculus to estimate the solution of the integral equation
(5.36).

Proposition 8. — Consider h satisfying (5.36), assume that 2m > 4+ %, that 2r >
2+ % and that for every x € T?, the profile f(x,-) satisfies the co Penrose stability
criterion. Then there exists A[||f0||H§T] such that for every v > A[HfOH'H%;n], we have
the estimate
Ihll 22 exray S Al llazm IR L2 R xra)-

Proof of Proposition 3. — By using Lemma 15, we can write (5.36) under the form

h=0pl((I —*A)"'h) + R =Opl.(h) + R
with the symbol b°(z, () defined by

b (z, () :a(ﬂf,C)ﬁglk'g-

Note that this is exact since we are composing a pseudodifferential operator with a
Fourier multiplier in the right order. Since a is homogeneous of degree zero in (, we

have
1

b (2,C) = b(z, ), bz, () = a(axC)m



46 DANIEL HAN-KWAN & FREDERIC ROUSSET

and thus Op).h = Op;” is a semiclassical pseudodifferential operator as defined in
the Section 8. We thus have to study the equation

(5.41) 0P (1) = R.

Thanks to Lemma 16, we have that b € Say,—30 N S2;,—4,1. Moreover, we observe
that
1- b(iL’, YT, k) = IP(’Y& T, k» fo(xa ))

and consequently, since f9 satisfies the ¢y Penrose condition (1.5), we also get that
c= ﬁ € S2m—-3,0 N S2m—4a,1. As a result, assuming that 2m > 4 + g, we can find
M > d/2 such that ¢ € Sp1 and 1 — b € Sps41,0 and moreover,

lelary + 11 = blarsro S Alll O llgm]-

Consequently, by applying OpS:7 to (5.41) and by using Proposition 7, we obtain that

1
1]l 2y S ;A[HfO”H%;,”] Rl pegxray + Al lgp IR 22z xra)-
The result follows by choosing ~ sufficiently large. O
As a Corollary, we get an estimate for the solution of (5.34) on [0, T7.

Corollary 1. — Consider h the solution of (5.36), assume that 2m > 4 + g, that
2r > 2+ 4 and that the ¢y Penrose criterion (1.5) is satisfied. Then there exists A(-, ")
such that the solution of (5.34) verifies the estimate

1Al 22 o122y < AT £ lazm I Bll 22 o.71.22)-
Note that the assumption that 2m > 4 + g is satisfied if 2m > my.

Proof of Corollary 1. — By using (5.35) and Proposition 3, we get that

T 1
— 7 2
(] e e Wsrade)” S Wellzaqaens S A lagp IRl sogesrs,

Since we have taken R to be zero for t > T and ¢t < 0, we get by using again (5.35)
that

1
2

T 1 T
(] e acrade)” S AP ge)( [ VR o)

Since v was chosen as y = A[||f0||H§M, the result follows by taking

AL 1 lhage] = AT gz ) exo (Al ]T)
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6. Proof of Theorem 1: conclusion

We are finally ready to close the bootstrap argument. For 2m > mg, 2r > rg,
gathering the results of Lemma 13, Lemma 14 and Corollary 1, we get that for all
T € [0, min(Ty, Ty, 1o, T¢)), for all I, J € {1,--- ,d}™,

1020l 20,m,22) < AT, Mo) (Mo + TEA(T, R))
and thus that
ol 2oy, memy < A(T, M) (Mo + THA(T, R)).
Using Lemma 4, we deduce the crucial estimate which is that
(61)  Namar(T, f) < Mo+ THA(T, R) + A(T, Mo) (Mo + TEA(T, R))
We can then easily conclude. Let us choose R large enough so that
(6.2) %R > Mo + AJ0, Mo] Mo,

Now, R being fixed, we can choose by continuity 7% € (O,min(To,To,To,TE)] such
that for all T € [0, T7#],

1
(6.3) T2 AT, R) + A[T, Mo]T? A(T, R) + (A[T, Mo] — A[0, Mo]) M, < SR
This entails that for all T € [0,T#], it is impossible to have Nay, 2.(T, f) = R.
Therefore, we deduce that 7° > T#. We have thus proven that
(64) NQm, QT(Tv f) S Ra

for some T > 0 and some R > 0, both independent of . To finish the proof of
Theorem 1, it remains to check that the c¢g/2 Penrose stability condition can be
ensured. From the equation (1.1) and (6.4), we get that

10 f 1l e (0,11, 32m-2) < AT, R).

By using a Taylor expansion, we have that for all ¢ € [0, 7],

/+OO e~ (Y+im)s ) (Fu Vo f)(t,ns)ds
0 IR

T ins 0
= e~ — . (F,V, s)ds + I(v,7,n,t,x
/ s RV s) ds + 17 )
where I(vy,7,n,x) satisfies the uniform estimate

(v, 7,m,t,2)] < CT sup |[0,fllz2
t€[0,T]

with o > d/2. Since we have 2m > 4 (by the assumption 2m > mg ) and 2r > 1 + 4
this yields
(v, 7,n,t,x)| < TA(T, R).
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Since f9 satisfies the ¢y Penrose stability condition, it follows by taking a smaller time
T > 0 if necessary, that for all t € [0,7] and all x € T¢, f(¢,z,-) satisfies the cy/2
Penrose condition.

7. Proofs of Theorems 2 and 3

The proofs of Theorems 2 and 3 will be intertwined since in order to get the conver-
gence of Theorem 2 without extracting a subsequence, we shall need the uniqueness
part of Theorem 3. Consequently, we shall first prove the uniqueness part of The-
orem 3. The result will actually be a straightforward consequence of the following
Proposition.

Proposition 4. — We consider the following linear equation:
(7.1)

atf-l-U'fo—pr'Vv?—FE(t,LE)'vvfZF, f\t:Osza p(tvx):/Rd f(t,z,v)dv

where E(t,z) is a given vector field such that for some Ty > 0, E € L?((0,Tp), H*™)
and f is a given function f(t,x,v) € L“(O,TO],Hgln_l) n Lip([O,To},ngn’:Q) with
2m > my, 2r > ro. Let us set

R= [ fll oo o010z + 10 Il oo 0.1 3022y + 1Bl L2010 2

and assume that for every x, the profile f(0,x,-) satisfies the co Penrose stability
condition for some cg > 0. Then, there exists T = T(co,R) € (0,Tp] that depends
only on co and R such that for every F € L*([0,Ty], H2) and f° € HO, the solution f
of (7.1) satisfies the estimate

1
(7.2) 1ol L2 o, 7114y < A(%,R, To) (I1F° e + 11l 220,71, 10))
where A(é, R,T) depends only on ¢y, R and Tp.

Proof of Proposition 4. — The proof follows closely the analysis of equation (4.9)
in the proof of Theorem 1 so that we shall only give the main steps. We first set
g(t,x, ®(t,z,v)) = f(t, x,v) with ® being the solution of the Burgers equation (4.33)
with initial data ®(0,z,v) = v, recall Lemma 10. Because of the regularity assump-
tions on E, Lemma 10 is still valid: such a smooth ® exists on [0,T(R)] for some
T(R) > 0 and verifies the estimates (4.36), (4.37). We observe that g solves

and that
[ att..0) 2.0 dv = p(t,2)
R4
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with J(t,x,v) = |det V,®(t,x,v)|. To solve (7.3), we use the characteristics (5.2).
Because of the previous estimates on ®, the estimates of Lemma 12 are still valid.
Proceeding as in the proof of Lemma 13, we can first obtain that

¢
p(t,a:):KHp+// F(s,X(s,t,z,v), ®(s,2,v))J(t,x,v) dvds
0 JRe
+ FOX(0,t,2,v),v)J(t,z,v) dv
Rd

where
H(t’ 87 x? /U) = (VU?)(S7 x - (t - S)U7 qj(t7 87 :Z:7 U))J(t’ '1:7 W(57 t’ '1:7 U))j(t7 57 x? U)

and J(s,t,z,v) = | det V,¥(s,t,z,v)|. Again, by Taylor expanding H in time and by
using Proposition 2 and remark 3 we obtain that

p(t,z) = Kg o0+ R

with the notation ?O (z,v) = £(0,z,v) and where R is such that

~ 1
(7.4) IRl L2072y < AT RYf Nl + 1F llaw + T2 Nl pll 20,7, 22)

for every T' € [0,T(R)]. In order to estimate the solution of the previous equation,
we can again set p = e’'h, R = ¢"'R, assume that h and R are zero for ¢ < 0 and
that R is continued by zero for ¢t > T. Then by using lemma 15, we end up with the
equation

h=0plh+TR
where a is still defined by (5.37) with f° replaced by ?0. Because of the regularity

assumptions on f, the estimates of Lemma 16 are still verified. If a has the property
that

(75) ‘1 - a(x,§)| 2 €0, VC = (7777 k)a v > 07 TE Ra ke Rd\{o}a

then we can apply the operator Op”; and use Proposition 5 and Proposition 6 to
1—a

get that for v sufficiently large, we have

1hllzz, < A(—, R)IR|z2 -

1
Co ’
In view of (7.4), this yields that for every T € [0,T(R)] we have
1 1
lollL2(o0,7),22) < A(%,T, R)(I1f%llne + 1 Fll2e + T2l L2(j0,71,22)) -
Consequently, if T is sufficiently small we get the estimate (7.2).

In order to finish the proof, we thus only have to check that the estimate (7.5) is
verified. Let us recall that by definition of the Penrose stability condition, we have
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that for every = € T?, the function

—0 +oo —(y+iT)s ’L?’] —0
P(77T7777f (Z‘,)) =1- € P (fvvvf )($a773) dS)
0 L+ n|

v>0,7€R, neRN0},
verifies

—0
inf P s Iyl 3 ” Z -
('y,r,n)e[Ol,r—il-oo)xRdel (’Y o (SL’ ))| “

Let us then define using polar coordinates the function P by
<~ _ . =0
,P(’YvTa n,o, f (3?, ))
—0 R - ..
/ (l’, ))a (V’Ta 7’) = 0—(777—777)7 r>0,7>0, (777—777) €54
where S, = {(7,7,7), 2 + 72+ 72> =1, > 0,7 # 0}. Note that we have

:,P(O—:Ya oT, o1,

P(3, 7,1, 0 ?0) =1- /+00 e~ (FFi)s M (F,V fo)(x ns) ds

’77 7"7) ) B 1+0’2|77|2 v v ?n '

7 e H2, the function P(-,F") can be extended as a continuous function on Sy x
[0 + oo[. The Penrose stability condition thus implies P > ¢o on Sy x [0, +oo[. In
particular for o = 0, we observe that

P#H,7,1,0,f) =1—a(7,7,7).
We thus obtain that |1 — a|] > ¢y on S;. Since a is homogeneous of degree zero, this

yields that (7.5) is verified. This ends the proof. O

As an immediate corollary of the previous proposition, we get an uniqueness prop-
erty for the limit equation (1.3).

Corollary 2. — Let f1, f € C([0,T],Ha™ ') with 2m > mg, 2r > 7o be two solu-
tions of (1.3) with the same initial condition f°. Setting p; = [ f;dv, we assume
that p1,pe € L2([0,T], H?>™). Assume that furthermore, there is co > 0 such that fi
is such that v — f1(t,x,v) satisfies the ¢y Penrose condition for every t € [0,T] and
x € T Then we have that fi = fo on [0,T] x T x R?.

Proof of Corollary 2. — Let
R = macx (1 fill o omyazy ) + loill2goimyaem )
We set f = f1 — f2, and observe that f satisfies the equation
(76) (9tf +v- fo — pr . val — vmpg . Vyf = 0, f|t:0 = 0,

where p := [ fdv. We are thus in the framework of Proposition 4 with E = —V o,
f = f1 and zero data (that it say F' = 0 and zero initial data). Moreover, we observe
that thanks to the equation (1.3), we also have that

||8tfz'HLoo([o,T]7H§;*:2) < A(T,R).
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We are thus in the framework of Proposition 4. From (7.2), we deduce that there
exists T'(cp, R) such that p = 0 in [0,T(co, R)]. This yields that on [0,T(cq, R)], f
satisfies the homogeneous transport equation

atf+v'vwf_vzp2'vvf:0

with zero initial data and thus f = 0 on [0,T(co, R)]. We can then apply again
Proposition 4 starting from 7T'(co, R) (which is valid since f1(T(co, R),-) still satisfies
the ¢y Penrose stability condition). Since the estimate (7.2) is valid on an interval
of time that depends only on R and ¢y, we then obtain that f = 0 on [0, 27 (cg, R)].
Repeating the argument, we finally obtain after a finite number of steps that f =0
on [0,7]. This ends the proof.

O

7.1. Proof of Theorem 2. — We start by applying Theorem 1 to get T, R > 0
independent of ¢, such that f. € C([0, T], H3™) satisfies (1.1) with

sup NZm,Qr(Ta fs) S R.
e€(0,e0]

We can now use standard compactness arguments to justify the quasineutral limit:
f- is uniformy bounded in C([0,T], H3" ') and from (1.1), we get that 0;f. is uni-
formly bounded in L ([0, T], H5"?). Consequently, by Ascoli Theorem there exists
f € C([0,T],L?) and a sequence &, such that f., converges to f in C([0,T],L2 ).
By interpolation, we also actually have convergence in C ([O,T],Hg:”_}l_‘s) for every
0 > 0. By Sobolev embedding this yields in particular that f. converges to f
in L°°([0,7] x T¢ x R?) and that p. converges to p = [p. fdv in L*([0,T],L*) N
L>(]0,T] x T?). From these strong convergences, we easily obtain that f is so-
lution of (1.3) and that f satisfies the c¢q/2 Penrose stability condition on [0,T].
Moreover, by standard weak-compactness arguments, we also easily obtain that f €
L2([0,T), Ha™ 1Y N Cw ([0, T), H3m™ 1) (that is to say continuous in time with H3" "
equipped with the weak topology) and that p € L2([0,T], H*™). With this regularity
of p, we can then deduce by standard arguments from the energy estimate for (1.3)
(which is just (3.11) with E = —V,p) that f € C([0,T], Hzm™™1).

Thanks to the uniqueness for (1.3) proved in Corollary 2, we can get by standard
arguments that we actually have the full convergence of f. to f and not only the
subsequence f., .

7.2. Proof of Theorem 3. — With the choice f = f; for all € € (0, 1], Theorem 2
provides the existence part. The uniqueness is a consequence of Corollary 2 and the
fact that f satisfies the co/2 Penrose stability condition (1.5) for every ¢ € [0,7] and
r € T
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8. Pseudodifferential calculus with parameter

In this section we shall prove the basic results about pseudodifferential calculus that
we need in our proof. For more complete statements and results, we refer for example
to [34, 35]. We consider symbols a(z,v, 7, k) on T¢x]0, +oo[xR x R4\ {0}, v > 0 has
to be thought to as a parameter. We set ¢ = (v, 7,k) and ¢ = (1,k) € R x R\ {0}.
Note that we do not need to include a dependence on the time variable ¢ in our
symbols (so that we actually consider Fourier multipliers in the time variable). We
use the quantization

Outt.a) = [ N, i) de

where d¢ = dkdr and the measure on Z¢ is the discrete measure. The Fourier trans-
form @ is defined as

a(&) = (2m) @D / e U TRy (4 1) dtd.
T xR

We introduce the following seminorms of symbols:

(8.1) lalaro = | S‘lip H]::v(a?a)HL?(Zd,Lgo),

(8:2) lalary = sup [(O)F2(07Vea)llL2za, Lee)-
la|<M

where

(€)= (% +7° + k)3

We shall say that a € Saro if |a|am,0 < +00 and a € Sy 1 if |a|ar,1 < 4+00. The use of
these seminorms compared to some more classical ones will allow us to avoid to lose
too many derivatives while keeping very simple proofs.

Note that we can easily relate |a|p0 to more classical symbol seminorms up to
loosing more derivatives. For example, we have for every M > 0

sup sup |07 a(x, ()| < |alar+s,0

la|<M ,¢
with s > d/2. The following results refine slightly in terms of the regularity of the
symbols, the classical results of L? continuity for symbols in 5'870 that are compactly
supported in x, see for example [39].

Proposition 5. — Assume that M > d/2 and that a € Saro. Then, there exists
C > 0 such that for every v >0

[0paull L2 @®xray < Clalarollull L2 @ xre)-
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Proof of Proposition 5. — In the following < means < C' with C' that does not depend
on . We can write

Oplu(t,z) = — /

Z

6iw'k/ (/ ei(thLk.w)fza(k/a C)ﬁ(f) dé) dk/
d Z4 xR

- / ei“t“'@( ]-"xa(k—l,v,r,k)ﬂ(r,k)dk>drdl
Z2 xR 74

and hence we obtain from the Bessel identity that

||Opzu||L2(Rde) N

H/ Fralk — - v, k)a(r, k)dk
Zd

L@ L2 (r.)

By using Cauchy-Schwarz and Fubini, we get in a classical way that

2
‘ Fralk — v, 7, k)a(r, k)dk
74 L2(z4)
< |Isup | Fea(s,y, 7, k)| ||L1(Zd)/ | Fealk —1,~v, 7, k)| |a(r, k) |*dkdl
k 74 x 7.4

S sup |Fza(-, v, 7, k)| || 1 (za) Sup 1Feal, v, 7 k)l La o lalr, )72 za
S sup \Foal, 7, 7, k)2 oy 8T, )72 zay -
By integrating in time, we thus obtain that

10paullL2rxrey S [Faallrze ) lullL2xcre)-

To conclude, it suffices to notice that

||]:zaHL1(Zd,Lg°) < |a|M,O

for M > d/2.

We shall now state a result of symbolic calculus.

Proposition 6. — Assume that a € Sy and that b € Sprq1,0 with M > d/2. Then
there exists C > 0 such that for every v > 0, we have

C
10p3Opy (1) — Opyy (w)]| < ;|G|M,l|b\M+1,0 llull L2 (R xcT4)-

Note that the above estimate is especially useful for large = since the right hand
side can be made small by taking ~ sufficiently large.

Proof of Proposition 6. — Note that for a € Sar,0, b € Sy and M > d/2, we have
by elementary convolution estimates that

lablaro S lalaroll Febll i za, ey + [blaroll Fzall iz, ey S lalarolblaro
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and thus that ab € Sar,0. This yields that Op], is a well-defined continuous operator
on L? thanks to Proposition 5. Next, using the usual formulas for pseudodifferential
operators, we find that
Op,Op, = Op]
with ¢ given by
e(z,¢) :/ e T a(w y, T k4 K Fb(K ) Ak, ¢ = (v,7, k).
7,4

We thus get that
1
(83) ez, ) — a(z, O)b(z, ) = / o / Vialz, v, 7,k + sk')ds - K Fob(K', ) dI
7 0

1
(8.4) = ~d(x,0).

By using Proposition 5, we can just prove that d € Sy for M > d/2 and estimate
its norm. By taking the Fourier transform in x, we obtain that

1
(FeOpd)(l,v,7,k) = 7/ / (i) (FoVra)(l — K v, 7, k + sk') - K Fob(k', ) dk'ds.
0 74
This yields
[(Fo0zd) (L, ML

S/Zd 1= K1, ) (FeVea) (= Ky ) o IR IFab(K 5, ) oo b

+ [ NEIET@ =Kol W1 b7l
From standard convolution estimates, we obtain that
dlaro S (lalar [I1B1FeVabllize, ey + [Blartao (1107 )1 FaVial i ga poo) )
and thus, for M > d/2, we finally get that

|d|M,0 < ‘a|M,1|b|M+1,0~

From Proposition 5, we get that

blar+10llull 2 ®xay-

Since by definition of d, we have Op}Op, — Op], = %Opg, the result follows.

||Op:j/u||L2(R><T’i) S lalm

O

We shall finally define a semiclassical version of the above calculus. For any symbol
a(z,C) as above, we set for ¢ € (0,1], a®(z,¢) = a(z,eC) = a(z,ey,e7,ek) and we
define for v > 1,

(8.5) (Op " u)(t, x) = (Opgeu)(t, x).

For this calculus, we have the following result:
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Proposition 7. — There exists C > 0 such that for every ¢ € (0,1] and for every

v > 1 we have
— for every a € Sy with M > d/2,

10D ul| L2 (rxrey < Clalarollullp2mxrays

— for every a € Syr1 and for every b € Syry1,0, with M > d/2,

C
105" Opy ™ (u) = Opgy ()] < = lelacafblaoffull 2oy

Proof of Proposition 8.5. — The proof is a direct consequence of Proposition 5 and
Proposition 6 since for any symbol a, we have by definition of a® that

la®|ar0 = lalaro,  |a®|ar1 = lalara
O
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